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a b s t r a c t
Within the six-parameter nonlinear shell theory we analyzed the in-plane rotational instability which occurs under in-plane tensile loading. For plane deformations the considered shell model coincides up to
notations with the geometrically nonlinear Cosserat continuum under plane stress conditions. So we considered here both large translations and rotations. The constitutive relations contain some additional micropolar parameters with so-called coupling factor that relates Cosserat shear modulus with the Cauchy
shear modulus. The discussed instability relates to the bifurcation from the static solution without rotations to solution with non-zero rotations. So we call it rotational instability. We present an elementary
discrete model which captures the rotational instability phenomenon and the results of numerical analysis within the shell model. The dependence of the bifurcation condition on the micropolar material
parameters is discussed.

1. Introduction
Theory of elastic stability has an origin in the famous elastica problem considered by Leonhard Euler (1744, 1757, 1778). After Euler the analysis of elastic stability was mostly performed
in the case of thin structures, that is for rods, beams, trusses,
frames, plates and shells, see, e.g., Timoshenko and Gere (1989);
Panovko and Gubanova (1972); Vol’mir (1970); Antman (2005).
Euler’s technique for 3D solids was developed in much lesser
number of publications, see, e.g., Green and Adkins (1960);
Lurie (1990); Ogden (1997); Fu and Ogden (1999); Eremeev and
Zubov (2017) and the references therein. Let us note that instability typically occurs under compressive loading for thin structures
and for 3D solids. Nevertheless, in the literature results on instability under tensile loads are also known, see, e.g., Panovko and
Gubanova (1972); Zubov and Rudev (1996); Zubov and Lastenko (2004); Zubov and Sheidakov (2005); Eremeyev et al. (2007).
In particular, considering tension of an elastic prism within the
nonlinear theory of elasticity, in Zubov and Rudev (1996) it was
proven that the bifurcation points, if exist, lie on the declined
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branch of a loading curve. The same behavior was observed
for the bifurcation of an elastic sphere under inner pressure by
Eremeyev et al. (2007). In order to demonstrate the instability under tension the simple elastic beam-like structures with sliders
were invented by Zaccaria et al. (2011); Bigoni et al. (2018).
The results on elastic stability analysis were extended for
generalized media. Let us note that the interest to such enhanced models of continuum grows with respect to modelling
of new micro- and nano-structured materials, such as metamaterials, beam-lattices, granular materials, masonries, soils, composites, etc. Among the generalized models of continuum such
as strain- and stress-gradient elasticity and plasticity, micromorphic media, it is worth to mention the Cosserat continuum model
called also micropolar medium (Nowacki, 1986; Eringen, 1999; Eremeyev et al., 2013). Within this model the kinematics is described
through two kinematically independent ﬁelds of translations and
rotations. This approach found various applications in modelling
of media with essential rotational interactions, such as porous
media (Lakes, 1986; Rueger and Lakes, 2016; 2019), bones (Park
and Lakes, 1986; Goda et al., 2012; 2014), beam-lattices (Suiker
et al., 2001; El Nady et al., 2017; Eremeyev, 2019), granular media (Walsh and Tordesillas, 2004; Vardoulakis, 2019), and masonries (Masiani and Trovalusci, 1996; Besdo, 2010; Trovalusci and Pau,
2014; Leonetti et al., 2018), composites and inhomogeneous mate-
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Fig. 1. a) Elastic chain loaded by a force, b) symmetric deformations of a cell; c) non-symmetric (with rotation) deformation of a cell. Here γ = h tan φ and d = h/ cos φ ,
where h is a constant distance between sliders, l0 and l are lengths of springs before and after deformation.

rials (Bigoni and Drugan, 2007; Reccia et al., 2018; Hütter, 2019),
see also Eremeyev et al. (2013) and the reference therein.
Let us note that the main sources for Cosserat constitutive equations are not only the straightforward experiments on
microstructured materials as reported by Lakes (1986); Rueger
and Lakes (2016, 2019); Park and Lakes (1986) but also some
homogenization techniques applied to microstructured materials
such as beam-lattices. Depending on the assumed material microstructure the homogenization may lead even to more general constitutive relations as the strain gradient elasticity (AbdoulAnziz and Seppecher, 2018; Abdoul-Anziz et al., 2019) or micromorphic media (Misra and Poorsolhjouy, 2016; 2017; Biswas
and Poh, 2017). For example, such particular class of metamaterials called pantographic lattices could be described using
a modiﬁed strain gradient elasticity, see Rahali et al. (2015);
dell’Isola et al. (2016); Placidi et al. (2016); Turco et al. (2016,
2018); Barchiesi et al. (2019); De Angelo et al. (2019); dell’Isola
et al. (2019a,b).
The Cosserat approach can be adopted to rods, plates and shells,
see, e.g., Rubin (20 0 0); Antman (20 05); Eremeyev et al. (2013).
Let note that the considered in this paper nonlinear resultant six-parametric shell theory presented in (Libai and Simmonds, 1998; Chróścielewski et al., 2004) coincides kinematically with the 2D Cosserat continuum, therefore it is also called
the micropolar shell theory, see, e.g., Eremeyev et al. (2013);
Eremeyev and Altenbach (2017). In particular for in-plane deformations, a micropolar plate almost corresponds to a 2D Cosserat
continuum. Obviously, the enhanced kinematics requires eﬃcient
numerical tool. For example, even in one-dimensional case it
is still of interest, see, e.g., FEM implementations for beams
Greco and Cuomo (2013, 2014); Eugster et al. (2014); Cazzani
et al. (2016a,b); Niiranen et al. (2019) and the references therein.
The FEM implementation of six-parameter theory was developed
by Chróścielewski et al. (1992, 1997, 2004); Chróścielewski and
Witkowski (2006); Chróścielewski et al. (2016); Burzyński et al.
(2016, 2018); Chróścielewski et al. (2019), where its eﬃciency was
demonstrated for various static and dynamic problems.
For the Cosserat media, the elastic instability is more complex, in general, and much less investigated, see Eremeyev and
Zubov (1994); Sheydakov and Altenbach (2016); Lakes (2018),
where it was shown that the micropolar properties of a material may signiﬁcantly affect values of critical loads and buckling
modes. In a certain sense this behavior of continuum models could
be conﬁrmed through the analysis of beam-lattice materials as
such materials have a relation to micropolar media, see Scerrato
et al. (2016); Giorgio et al. (2018); Eremeyev and Turco (2020).

The aim of this paper is to discuss the new type of elastic instability under tension which we call the rotational instability. The
paper is organized as follows. In Section 2 we introduce the discrete system with translational and rotational degrees of freedom
which demonstrate the rotational instability phenomenon related
to a switching between solutions with zero and non-zero rotations.
Section 3 addresses the governing equations of the shell model and
its FEM implementation based on the incremental formulation of
the virtual work principle. Finally, Section 4 contains the results of
numerical analysis which show similarities in rotational instability
with the discrete model. Here we consider three different micropolar materials.
2. Rotational instability of an elastic chain with translational
and rotational degrees of freedom
In order to illustrate the discussed phenomenon of the rotational instability, we consider ﬁrst a chain with elements possessing both translational and rotational degrees of freedom. Let
the chain be consisted of n elastic cells as shown in Fig. 1. Each
cell constitutes from two rigid bars connected by an elastic spring
of stiffness Kt and initial length 0 . Cells interact to each other
through a shear spring of stiffness Ks . So the neighbouring bars
may slide between each other. The distance between neighbouring bars is assumed to be constant h. We also assume that bars
can rotate and φ is an angle of rotation. This chain structure is
similar to the rigid elements developed by Casolo (20 04, 20 06);
Casolo and Pena (2007); Bertolesi et al. (2018) applied to model
masonry structures, but here we restrict ourselves by 1D case. The
chain is loaded by tensile force P on the right end whereas the left
end of the chain is clamped.
Considering homogeneous deformations only, that is assuming
the same strain ε and rotation φ for each cell, the total energy of
the chain becomes

E = E (ε , φ ) =

1
1
Kt nε 2 + Ks (n − 1 )γ 2 − P nu,
2
2

(1)

where

ε=

 − 0
,
0

γ = h tan φ , u = 0 ε +

h
− h,
cos φ

and  is a length of a spring after deformation. Here ε is a stretching strain, γ is a shear, and u is a displacement of the chain right
end.
The equilibrium conditions follow from the stationarity of E
that is from the relations

∂E
= 0,
∂ε

∂E
= 0.
∂φ
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Fig. 2. Bifurcation: a) Tensile force P vs. displacement u. The point (u∗ , P∗ ) is the bifurcation point, the red solid line corresponds to the bifurcated solution with non-zero
rotation which appears when P > P∗ ; b) Rotation angle φ vs. tensile force P. Non-zero rotation angle appears when P > P∗ , in the range 0 ≤ P ≤ P∗ the angle φ ≡ 0. φ tends
to π /2 at P → ∞. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

With (1) these equations take the form

Kt ε − P 0 = 0,


tan φ

(2)

Ks h(n − 1 ) − P n cos φ
cos2 φ 2


= 0.





Ks h(n − 1 )
,
Pn

(4)

which is valid when

P ≥ P∗ ≡

Ks h(n − 1 )
.
n

DivS N + ρ f = 0,

(3)

Eq. (2) gives one solution for ε while Eq. (3) has trivial solution
φ = 0 and nontrivial one given by

φ = arccos

describes rotations of cross-section of the shell. The Lagrangian
equilibrium equations take the form

(5)

Trivial solution describes the symmetric extension of the chain
as a elastic linear spring whereas the non-trivial solution corresponds to the non-symmetric rotational mode which occurs when
P exceeds a critical force. The typical loading curves are shown
in Fig. 2a and the dependence P − φ is given in Fig. 2b. Here
we consider the case when the stiffness of the shear springs is
lesser than the stiffness of tensile springs. This graph has the
form of typical buckling behavior for an elastic rod, see, e.g.,
Panovko and Gubanova (1972); Antman (2005). During the loading ﬁrst we have the linear symmetric solution with φ = 0, then
at the bifurcation point (u∗ = P ∗ /Kt , P ∗ ) new branch appears which
relates to softening and rotations of the bars in the chain. In
Fig. 2a the blue line starting at the point (0,0) corresponds to
the shape of the chain given in Fig. 1b. The rotational mode as
shown in Fig. 1c is described by the red line which starts at point
(u∗ , P∗ ).
The considered chain model demonstrates similar behavior of
elastic systems with sliding interfaces under tensile forces discussed in Zaccaria et al. (2011); Bigoni et al. (2018); Eremeyev and
Turco (2020).

(6)





DivS M + ax NFT − FNT + ρ c = 0,

(7)

where N and M are the surface stress resultant tensor and the surface couple stress tensor both of Piola type, F = Grad S y is the surface deformation gradient, ρ > 0 is the referential resultant surface mass density, f and c are the resultant surface force and couple vectors per unit mass, respectively. In addition, DivS and Grad S
are the surface divergence and gradient operators deﬁned as in
(Gurtin and Murdoch, 1975) and ax(A) denotes the axial vector associated with a skew tensor A.
For a hyperelastic shell there is a strain energy density W which
depends on two 2D strain measures

W = W ( E, K ),

E = QT F − I,

K = QT CF − B,

such that

˜,
N = QT N

˜,
M = QT M

˜ =
N

∂W
∂W
˜ =
, M
.
∂E
∂K

˜ and M
˜ are the surface 2D stress measures of 2nd
Here tensors N
Piola-Kirchhoff type of the shell, C and B are the structure tensors
of the shell in the reference and actual placements (Chróścielewski
et al., 2004; Eremeyev and Pietraszkiewicz, 2006), respectively, and
I is the 3D unit tensor. In what follows we consider a physically
linear shell that is when W is a quadratic function of E and K. So
˜ and M
˜ become linear functions of E and K, see Eremeyev and
N
Pietraszkiewicz (2006, 2012); Eremeyev et al. (2013) for more detail. Various variational principles for statics and dynamics of sixparameter shells were formulated by Chróścielewski et al. (2004);
Eremeyev et al. (2013).
3.1. Plane stress state

3. Basic equations of the six-parameter shell theory and FEM
formulation
Following Libai and Simmonds (1998); Chróścielewski et al.
(2004) let us brieﬂy introduce the basic equations of the sixparameter shell theory. The kinematics of the shells is described
through the translation ﬁeld u = y − x, where y and x are position
vectors of the shell base surface in current and reference placements, respectively, and through the orthogonal tensor Q, which

In this study we consider a plane stress state. In this case we
have signiﬁcant reduction in a number of components of stress
and strain measures. In particular, translations and rotations can
be written in the form

u = u1 i1 + u2 i2 ,

Q = Q ( φ i3 ),

(8)

where ik , k = 1, 2, 3, are the Cartesian base vectors related to the
Cartesian Lagrangian coordinates x, y, z, and Q(φ i3 ) denotes the
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rotation tensor about i3 through an angle φ . We collect non-zero
components of the strain measures into the vector

⎛

⎞

⎛

⎞

E11
u1,1 + 1 − cos φ
⎜E22 ⎟ ⎜u2,2 + 1 − cos φ ⎟
⎜ E12 ⎟ ⎜ u1,2 + sin φ ⎟
⎟ ⎜
⎟
E (U ) = ⎜
⎜ E21 ⎟ = ⎜ u2,1 − sin φ ⎟,
⎝ ⎠ ⎝
⎠
K13
φ, 1
K23
φ, 2

(9)

S = (N11 , N22 , N12 , N21 , M13 , M23 )T .

(10)

Preliminary numerical studies shown that the higher the
shear ﬂexibility of the material, the lower the range of deformations is associated with rotational instability. For example, such materials are ﬁber reinforced composites. Therefore in
what follows we consider the physically linear orthotropic material. For plane stress state this relation takes the form given by
Chróścielewski et al. (2019)

S = CE,

(11)

⎜
⎜ ν21 E1
⎜
⎜ 1 − ν12 ν21
⎜
⎜
⎜
0
C=⎜
⎜
⎜
⎜
0
⎜
⎜
⎜
0
⎜
⎝
0

ν12 E2
1 − ν12 ν21

⎞
0

0

0

0

1 − ν12 ν21

0

0

0

0

0

G12 + Gc

G12 − Gc

0

0

0

G12 − Gc

G12 + Gc

0

0

0

0

0

2G12 2c

0

0

2G12 2c

E2

0

0

0

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟,
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

and E1 and E2 are Young’s moduli in two orthogonal directions in
a plane, G12 is the shear modulus in the same plane, and ν 12 and
ν 21 denote Poisson’s ratios such that E1 ν21 = E2 ν12 . In addition, we
have two micropolar elastic parameters that are the characteristic
length c and the Cosserat coupling number N which relates G12
and Gc through the relation (Nakamura et al., 1984; Lakes, 1986)

Gc =

N2
G12 ,
1 − N2

(12)

and 0 ≤ N2 < 1. Next, having E1 , E2 , G12 , ν 12 , ν 21 , and c ﬁxed, we
consider the dependence of the stability loss on N. In particular,
the value N = 0 corresponds to the decoupled system of equations
in which the stress tensor coincides with one for a Cauchy material.
For the general framework related to the anisotropic constitutive relations of micropolar materials we refer to Eremeyev and
Pietraszkiewicz (2006); Chróścielewski et al. (2019) for shells
and to Nakamura et al. (1984); Eringen (1999); Eremeyev and
Pietraszkiewicz (2012, 2016); Casolo (2006) for 3D solids.
3.3. Numeric procedure
The numerical analysis is based on the virtual work principle
and the ﬁnite element technique formulated in the form given by
Chróścielewski and Witkowski (2006)

G[U; W] ≡ Gi [U; W] − Ge [U; W] = 0,

Ge [U; W] =



ET (W )S[E(U )] da,

(13)



WT P da +

B

WT F ds

∂Bf

are the virtual work of internal stress resultants and couplestresses, and external forces and couples, respectively, W =
(v1 , v2 , ω ) with virtual translations v1 , v2 , and virtual rotation ω.
Here B is a reference base surface of the shell, whereas ∂ Bf is a
part of its boundary, where external forces and couples are applied,
P and F describe surface and contour loadings, respectively. The
incremental realization of (13) with Newton’s method is applied,
which can be represented as follows

G[U;

3.2. Constitutive relations

E1
⎜ 1 − ν12 ν21

Gi [U; W] =

B

where U = (u1 , u2 , φ )T . Here for brevity we denote partial derivatives through lower indices after comma, (. . . ),1 = ∂ (. . . )/∂ x and
(. . .),2 = ∂ (. . .)/∂ y.
In a similar way we introduce the vector of stress and couples
measures as follows

where
⎛

where

U; W] + G[U; W] = 0,

(14)

where
U denotes an increment of displacement vector. For
more detail of the FEM implementation of nonlinear six-parameter
shells we refer to Chróścielewski et al. (2004); Chróścielewski and
Witkowski (2006); Chróścielewski et al. (2016); Burzyński et al.
(2016, 2018); Chróścielewski et al. (2019).
4. Numerical results
In this section few numerical examples are presented which
show the rotational instability phenomenon arising in axially
loaded two-dimensional samples. In the computations the Authors’
own FEM code is used basing on the six-parameter shell theory
with asymmetric strain and stress measures, as described in the
previous section. In the discretization the fully integrated 16-node
shell element (16 FI) is employed. In all discussed examples the
characteristic length is assumed to be a small value c = 0.02 mm.
As mentioned previously, in this work only the inﬂuence of the
Cosserat coupling number N on the material stability is studied.
The impact of the characteristic length is at this stage neglected.
4.1. Example 1
Let us start with the consideration of an ideal strip subjected
to an uniaxial tension. The term ideal is related to the following
features of the problem:
• the strip is made of the isotropic material,
• the strip is free to shrink in the direction perpendicular to the
load direction.
As an isotropic material the steel is chosen with E1 = E2 = 200
GPa and ν12 = ν21 = 0.3. The release of the transverse deformation
provides a homogeneous stress distribution in the strip. Hence,
there is no shear strain and rotation ﬁeld present in the structure.
To induce the rotational ﬁeld a small imperfection is introduced in
the form of a small drilling moment placed in the center of the
structure (Fig. 3).
Two samples with different geometrical data are analyzed,
namely: L = 150 mm, B = 25 mm, t = 2 mm and L = 100 mm,
B = 50 mm, t = 0.5 mm. For both geometries two meshes n × m
were adopted, where n stands for number of elements along the
axial direction and m is the number of elements along the width of
the sample. Fig. 4 depicts the stress-strain relation for both strips
and meshes obtained for N = 0.01. As the stress measure the ratio force per area of the sample is chosen (P/A), while the relative
elongation (u/L) is understood as the strain size. It is observed that,
regardless the considered geometry data and mesh density, at certain point corresponding to P/A = 31 MPa the characteristic change
of the path arises. This value of the stress will be named critical
stress σ crit .

J. Chróścielewski, F. dell’Isola and V.A. Eremeyev et al. / International Journal of Solids and Structures 196–197 (2020) 179–189

183

Fig. 3. Ideal strip – geometry and boundary conditions. The strip is loaded through a force P and a small moment Mimp .

Fig. 4. Stress-strain relation for ideal steel strips 150 × 25 × 2 mm and
100 × 50 × 0.5 mm, N = 0.01, two discretizations.

For the same value of N = 0.01 in Fig. 5 the inﬂuence of the
imperfection value is illustrated. Figs. 5a and 5 b show the stressstrain and stress-center rotation curve, respectively. It can be seen,
that for small imperfection values (Mimp = 0.1, 1 Nmm) the solution follows the primary path up to the higher stress values, however it ﬁnally jumps onto the energetically stable path which can
be obtained directly if higher imperfection values are adopted. For
the sake of clarity in Fig. 6 the rotation ﬁeld distribution is presented for the case of Mimp = 0.1 Nmm. One can observe that up
to stress value P/A = 32 MPa the rotation ﬁeld corresponds to the
imposed concentrated imperfection. However, between stress values P/A = 32 and P/A = 34.7 MPa three different critical modes are
detected. After the peak value P/A = 34.7 MPa the solution returns
to the path associated with the ﬁrst mode induced by the imperfection.
Fig. 7 shows the stress-strain curves for both considered strips
and discretizations, obtained for varying values of the Cosserat

Fig. 6. Rotation ﬁeld evolution for the small imperfection Mimp = 0.1 Nmm, ideal
steel strip 150 × 25 × 2 mm, N = 0.01, 24 × 4 16FI.

coupling number (N = 0.01, 0.05, 0.1, 0.15 ). Similarly as for N =
0.01 also for other values of N a critical value of the stresses can
be speciﬁed at which the path change is observed. The deforma-

Fig. 5. Inﬂuence of the imperfection value, ideal steel strip 150 × 25 × 2 mm, N = 0.01, 24 × 4 16FI.
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Fig. 7. Tensile stress-strain relation for ideal steel strips 150 × 25 × 2 mm and 100 × 50 × 0.5 mm for different values of N.

Fig. 8. Normalized tensile stress-strain relation for ideal steel strips 150 × 25 × 2 mm and 100 × 50 × 0.5 mm for different values of N.

tion starts to be driven not only by the axial strain but also by the
rotations. The value of critical stress increases with the growth of
N. For N = 0.01 σ crit ≈ 31 MPa, for N = 0.05 σ crit ≈ 770 MPa, for
N = 0.1 σ crit ≈ 3100 MPa, for N = 0.15 σ crit ≈ 7200 MPa.
The critical value of tensile stress obtained for N = 0.01
(σ crit ≈ 31 MPa) is lower than distinctive yield point of steel and
therefore it can inﬂuence the plastic deformation described with
the usage of an appropriate constitutive law. The level of two latter critical stresses, however, is completely unphysical, since it exceeds the value of destructive stress characteristic for typical steel.
The same remark concerns the strain values associated with critical tensile stresses. Therefore larger values of N are not analyzed.
The obtained solutions are strictly theoretical and it must be emphasized here, that this comment is valid for the majority of the
results presented in the subsequent part of the paper and will not
be underlined and discussed further.
For further considerations let us introduce the following normalization of the tensile stress

σ =

σ
Gc

=

P
.
AGc

(15)

Accordingly, the normalized critical tensile stress is given by

σcrit =

σcrit
Gc

=

σcrit 1 − N
G12

N2

2

=

Pcrit 1 − N
.
AG12 N 2
2

(16)

Fig. 8 illustrates the normalized tensile stress-strain curves for
both considered geometries and different values of N. One can
state, that in all the considered cases the normalized critical tensile
stress is approximately equal to 4, σcrit ≈ 4.
From Figs. 4, 7 and 8 it is clear, that for each value of N the
solution does not depend on the geometry and mesh density.

Table 1
Material properties of the ﬁxed strip.
Material

E1 [GPa]

E2 [GPa]

G12 [GPa]

ν 12

E1 /G12

Isotropic (steel)
Bidirectional
reinforced composite
(Sabik, 2018)
Unidirectional
reinforced composite
(Nakamura et al., 1984)

200
23.4

200
23.4

77
3.52

0.3
0.153

2.6
6.7

137.9

6.895

4.137

0.25

33.3

Summarizing, following conclusions can be drawn:
• in Cosserat continuum a critical stress value can be obtained,
at which in the axially loaded structure a rotation ﬁeld is activated,
• the critical stress depends on the Cosserat coupling number,
• the critical stress is geometry independent.
4.2. Example 2
As the second example a ﬁxed strip made of different materials
is analyzed (Fig. 9). The data of materials which the strip is made
of is collected in Table 1.
The material angle α (Fig. 9) is set to α = 0 if ﬁber reinforced
composites are considered. Thus no transformation of the material
law is required.
The last column of the Table 1 includes the ratio E1 /G12 , which
can be treated as a measure of the material’s shear ﬂexibility. It is
worth to emphasize that it is over 10 times larger for the chosen
unidirectional composite than for steel.
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Fig. 9. Fixed strip – geometry and boundary conditions.

Fig. 10. Normalized tensile stress-strain relation for ﬁxed steel strip, N = 0.1, convergence study, 3 discretizations.

Fig. 10 depicts the convergence study performed for the steel
strip for N = 0.1. It shows that the mesh density inﬂuences only
the post-critical behavior. This is typical also for other materials
and other values of N, however, for large Cosserat coupling numbers the mesh density can have slight impact on the critical range.
Nevertheless, this inﬂuence is not signiﬁcant and therefore in all
the considered cases in this example a ﬁxed ﬁnite element division 24 × 4 16FI is adopted.
Fig. 11 illustrates the normalized tensile stress-strain relation
for the considered steel ﬁxed strip obtained for different values of
the Cosserat coupling number. Values larger than N = 0.5 are not
analyzed, since yet for these values the relative elongation u/L of
the sample is larger than 0.5.
For the comparison purposes let us list the obtained nonnormalized critical tensile stresses corresponding to the values of

N considered in the preceding example: for N = 0.05 σ crit ≈ 770
MPa, for N = 0.1 σ crit ≈ 3100 MPa. These values match the results
obtained for the ideal strip in the preceding problem. This allows
to make a conclusion, that the critical tensile stress value does not
depend on the boundary conditions and is only material dependent variable.
Similar results for the strip made of bidirectional and unidirectional reinforced composite are illustrated in Figs. 12 and 13,
respectively. In bidirectional reinforced composite the instability
takes place below the u/L = 0.5 even for N = 0.7 (Fig. 12). What
is more the most shear ﬂexible material loses the rotational stability below the elongation u/L = 0.15 yet for N = 0.9 (Fig. 13). From
Figs. 11, 12, and 13, it follows, that regardless the adopted material,
for small values of the Cosserat coupling number the normalized
critical tensile stress is equal to 4.
Fig. 14 presents the dependency of the normalized critical tensile stresses on the Cosserat coupling number for each considered material. The curves are confronted with the constant function σcrit = 4. It can be seen, that for small values of N all curves
converge to σcrit = 4:

lim σcrit = 4.

N→0

(17)

In the case of steel the value of σcrit increases with the growth
of N, whereas it decreases in the case of composites.
Fig. 15 shows the evolution of the rotation ﬁeld in the sample made of the unidirectional reinforced composite obtained for
N = 0.4. Let us recall, that in this example no imperfection is introduced. Here the boundary conditions disturb the homogeneity
of the stress distribution in the support zones. This local inhomogeneity enforces the activation of the rotation ﬁeld in the entire
strip if the tensile stress approaches the critical value. For different values of N and other materials the rotational ﬁeld and defor-

Fig. 11. Normalized tensile stress-strain relations for ﬁxed steel strip (E1 /G12 = 2.6) for different values N, mesh 24 × 4 16FI.
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Fig. 12. Normalized tensile stress-strain relation for ﬁxed strip (bidirectional composite – E1 /G12 = 6.7) for different values N, mesh 24 × 4 16FI.

Fig. 13. Normalized tensile stress-strain relation for ﬁxed strip (unidirectional composite – E1 /G12 = 33.3) for different values N, mesh 24 × 4 16FI.

Fig. 14. Normalized critical tensile stress vs Cosserat coupling number.

mation are qualitatively the same, therefore only one case is presented.
As the summary of this example one can state:
• the rotation ﬁeld can be induced by local shear/rotation zones
present in the structure,
• the value of critical tensile stresses is material dependent variable,
• the value of critical tensile stresses depends nonlinearly on the
Cosserat coupling number,
• for small Cosserat coupling numbers the normalized critical
tensile stress tends to 4: lim σcrit = 4,
N→0

• the larger the shear ﬂexibility (E1 /G12 ) of the material the lower
relative elongation associated with the rotational instability.

4.3. Example 3
As the last and summarizing problem a sample with a hole is
considered, which is made of the unidirectional composite studied in the previous example (Table 1). Now, only one value of the
Cosserat coupling number is chosen that is N = 0.2. Due to the
symmetry of the problem, only one quarter is analyzed (Fig. 16).
The material angle α = 0.
Fig. 17 shows the normalized stress-strain curve obtained with
the use of two mesh densities denoted by parameters n, m
(Fig. 16). Both meshes give the same solution, thus further convergence analysis is needless. The normalized tensile stress is understood as the ratio force per area of the mostly weakened crosssection of the sample A (Fig. 16) referenced to the Cosserat shear
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Fig. 15. Rotation ﬁeld evolution (FIZ) and stress-strain curve of ﬁxed strip, unidirectional reinforced composite, N = 0.4.

Fig. 16. Plate with the hole – geometry and boundary conditions.

Fig. 17. Normalized tensile stress-strain relation for sample with the hole (unidirectional composite – E1 /G12 = 33.3), N = 0.2, two discretizations.

modulus. Again, the relative elongation u/L is chosen as the strain
measure.
As in the previous studies a characteristic curve ﬂexion can be
observed at a certain normalized stress value. Furthermore similarly as previously for N = 0.2 this value is equal to σ crit ≈ 4
(Fig. 14c).
A closer look at Fig. 17 indicates that the relative elongation
corresponding to critical stresses is approximately u/L ≈ 0.0046,
which is in good agreement with the strain obtained in the preceding example for unidirectional composite and N = 0.2 (see
Fig. 13a).
Since in the considered problem a typical stress concentration
is expected in the hole zone, the progress of the critical tensile
stress ﬁeld can be interesting. It is depicted in Fig. 18. The smoothness of the equilibrium path (Fig. 17) in the ﬂexion vicinity is at-

Fig. 18. Evolution of critical tensile stress zone (green) in the sample with the
hole, N = 0.2. (For interpretation of the references to color in this ﬁgure legend,
the reader is referred to the web version of this article.)
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tributed to the gradual increase of the critical tensile stress zone
in the hole-weakened region.
The example conﬁrms the preceding statement, that critical
tensile stress value at which the rotation ﬁeld is activated is only
material dependent value.
5. Conclusions
In the paper a new type of elastic bifurcation was discussed
that is the rotational bifurcation which may occur under tensile
loading of thin elastic structures modelled through the Cosserat
approach. The origin of the bifurcation lies entirely in the appearance of the rotational degrees of freedom. Here in order to minimize the energy the structure under tension “escapes” into rotational mode when the load becomes greater than a certain critical
value. After bifurcation we see softening related to the transmission of energy of deformation into rotational mode.
The numerical study reported in the paper conﬁrms the theoretical considerations. It proves that in axially loaded Cosserat (micropolar) continuum at certain value of the tensile force the rotation ﬁeld can be induced. The direct reason of this induction
can be a local perturbation like small concentrated moment or
stress concentration present in boundary zones. However, if the
critical tensile force is achieved, the rotation ﬁeld distributes from
these local regions onto the entire structure. This feature makes
the observed phenomenon similar to the classical buckling problem in which the bending deformation is initiated at critical axial
compressive force. Therefore we named it the rotational instability. In particular, here a bifurcation occurs at the inclined forcedisplacement curve whereas for simple elastic materials the bifurcation of a bar under tensile force occurs only on the declined part
of the inclined force-displacement curve (Zubov and Rudev, 1996).
This differs micropolar materials for the Cauchy ones.
The examples studied in the paper allows one to make conclusions, that the critical tensile stress:
• is geometry independent,
• does not depend on the boundary conditions,
• is a material variable governed by the Cosserat coupling number,
• increases with the growth of the Cosserat coupling number,
• depends on the shear ﬂexibility of the material – the larger the
E1 /G12 ratio the smaller the tensile strain is associated with the
critical stress,
• the normalized value of the critical tensile stress tends to 4
if the Cosserat coupling number tends to 0, i.e. lim σcrit = 4,
where σcrit = σcrit /Gc .

N→0

The last conclusion is surprising for the Authors and up till now
the reason for this condition has not been found. The problem is
planned to be analyzed in the future work. Another aspect which
is worth consideration in the future is the postcritical behavior. In
this paper it was indicated, that the mesh density does not inﬂuence the critical force value, however, it can have an impact on the
postcritical response, which was not studied in details here.
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