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ARTICLE INFO ABSTRACT

Keywords: Our aim is to try to trace, in the history of mechanics, the first formulation of the principle of virtual work
Principle of virtual work (PVW). This important question is, of course, connected with the origin of the concept of kinematics and its
Mechanica problemata relation with the concept of dynamics. Now it is widely accepted that the Principle of Virtual Velocities (later

Hellenistic science
Classical mechanics

called Virtual Work) was known in a geometrical form by the author of the Greek text Mechanica Problemata
(The Mechanical Problems). Indeed, this text does not appear to be a theoretical treatise but rather a collection
of solved exercises, mainly concerning statics, the functioning of machines and some dynamics. In this paper
we present our exegesis of the first three problems of the Mechanica Problemata, because we believe that deeply
understanding its content may allow us to clarify the Greek origin of the Principle of Virtual Work, to locate
in space and time the birth of mathematized mechanics and to prove that Renaissance mechanics derives from
Greek sources.
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1. Introduction

The Principle of Virtual Work (PVW) has been considered controver-
sial since its first modern formulation by D’Alembert and Piola [1,2].
In fact, even recently [3] the innovative and heuristic value of the
PVW has been denied and alternative postulation schemes have been
proposed [4,5]: in these last approaches ad hoc balance laws are
postulated for each independent kinematical descriptor. This choice
leads to a multiplication of basic assumptions, contradicting Occam
razor logic principle, and produces serious consistency problems among
different balance laws, constitutive equations and boundary conditions.
We believe that, instead of introducing artificially in mechanical theo-
ries not relevant thermodynamic principles [3,6], it is more logically
economic to postulate a form of the PVW and deduce, using the
postulated constitutive equations for internal and external work, by
integration by parts balance equations and the corresponding boundary
conditions [7].

It is therefore to be accepted that, when inventing new models
or new theories in mechanics, it is most suitable to start from the
postulation of a form of the PVW. To reinforce this argument we believe
it is essential to solve a problem in history of mechanics: which was the
first postulation scheme used to invent mechanical theories?

We believe that [8] available sources indicate that mathematical
mechanics was invented by the school of Archytas of Tarentum [9] and
that Archytas based it on the PVW. The present paper aims to give a
logical basis to this statement by carefully reading parts of Mechanica
Problemata.

In fact, even without digging in the pristine sources of mathematical
mechanics, we can say that the PVW has long served as a cornerstone in
analytical mechanics [10,11], underpinning a wide spectrum of formu-
lations in both classical and modern theories of elasticity and structural
analysis. In recent decades, its role has deepened and expanded, becom-
ing not only a conceptual tool for expressing equilibrium in mechanical
systems, but also a rigorous foundation for the mathematical analysis
of complex boundary value problems (BVPs). In particular, the PVW
provides a natural variational framework for formulating weak solu-
tions, characterizing admissible external actions, and deriving natural
boundary conditions across a range of higher-order and multiphysics
models.

In contemporary mathematical continuum mechanics, the PVW is a
tool which cannot be replaced when generalized continuum mechanics
models need to be formulated: the following referenced literature will
be focused on this specific need and to the question of formulating
well-posedness of static and quasi-static boundary value problems.
Particular attention will be payed to generalized theories of elasticity
that account for microstructure, higher gradients, and surface effects.
For instance, in the context of surface elasticity models of arbitrary
order, the PVW enables the precise formulation of weak solutions and
the identification of admissibility conditions under complex boundary
constraints [12,13]. Similar approaches have been employed to analyze
existence and uniqueness in micropolar elasticity [14,15], strain gradi-
ent elasticity [16], and pantographic lattice models [17], each of which
involve differential operators of higher order and thus require a careful
mathematical treatment of boundary data.

The PVW is not only crucial for asserting solvability but also in-
strumental in deriving the compatible natural boundary conditions
which emerge from the variational formulation itself and which model
the physical principles governing mechanical interaction at surfaces,
interfaces, or material discontinuities. In higher-order theories such as
second-gradient elasticity or strain gradient fluids, where additional

degrees of freedom are associated with microdeformations or interfacial
phenomena, classical boundary conditions are insufficient or inconsis-
tent [18,19]. Here, the PVW allows for a consistent derivation of the
correct additional terms that describe surface tractions, moments, and
other generalized forces.

Furthermore, recent investigations have highlighted the role of the
PVW in characterizing the class of admissible external forces. In ad-
vanced mechanical models such as first and second strain gradient elas-
ticity, the set of allowable loadings cannot be specified arbitrarily [20];
instead, their structure must conform to the variational framework
defined by the PVW. This admissibility demand guarantees not only
mathematical consistency, but also the capacity of modeling physical
phenomenology by the resulting boundary value problems [21].

1.1. Applications of principle of virtual work in contemporary scientific
progress

The enduring conceptual lineage, which starts from Archytas and
arrives up to Paul Germain, is clearly visible in a wide range of contem-
porary works that use the PVW to formulate complex models in biome-
chanics, generalized continua, and architectured materials. A particu-
larly fertile area of application is bone remodeling, where variational
formulations have been used to model the interaction among mechani-
cal stimuli, biological response, and internal structural evolution. These
include models accounting for graft resorption in three-dimensional
scaffold integration [22], the effects of multiple mechanical sources
in remodeling dynamics [23], and the interplay between damage and
diffusive bio-mechanical signals [24]. Complementary approaches in-
vestigate the adaptive response of bone microstructure under dynamic
loads [25], as well as orthotropic models with internal substructure
evolution [26]. Further generalizations have led to the formulation of
variational models for linear thermo-viscoelastic systems [27], as well
as for three-dimensional thermoelasticity with thermal inertia [28].

Parallel efforts in the modeling of architectured and metamaterial
systems have exploited second and higher gradient theories to describe
a rich variety of mechanical behaviors. Variational formulations have
been developed for pantographic lattices with complex fiber geometries
such as the case treated in [29,30], as well as for the numerical model-
ing of shear rupture, dissipation, and hysteresis in such structures under
bias extension and cyclic loads [31,32]. Other contributions explore
lattice shells composed of curved Kirchhoff rods [33], the influence
of fiber topologies in reinforced composites [34], discrete formulations
of rod dynamics [35], and energy-based control strategies for flexible
manipulators [36]. Foundational studies on nonlinear elastica [37] and
two-dimensional models of pantographic sheets in 3D motion [38] con-
tinue this trajectory. Additional advances include the study of wrinkling
in twisted thin films [39] and Cosserat-type micromorphic media [40].
We believe that the previously accounted research works could not
have been easily conceived without the systematic use of the PVW.

1.2. Extensions of the principle of virtual work in generalized continua

The theoretical scope of the PVW has found a natural extension
in recent studies devoted to generalized continua, where higher-order
kinematics and microstructural effects demand a more refined varia-
tional treatment as they require novel sets of essential and boundary
conditions. Among these contributions, the reconstruction of Piola’s
method in the context of second- and third-gradient elasticity [41,42]
makes explicit the deep structural role of virtual displacements and
work conjugate variables in nonclassical theories, where the PVW
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provides a irrepleaceable framework for parameter identification in
complex materials.

The power of variational principles extends beyond classical field
theories to novel modeling paradigms such as swarm-inspired contin-
uum dynamics. In this domain, the position-based dynamics developed
in [43,44] reinterpret continuum deformation via discrete particle
algorithms, with behavior governed by constraints derivable from en-
ergy and virtual work considerations. Likewise, the numerical inverse
approaches [45,46] underscore how parameter estimation and consti-
tutive modeling hinge on the variational structure of the underlying
equations. Such approaches often rely on a minimization of residual
virtual work to reconcile models with empirical data, reaffirming the
foundational role of PVW in bridging theory and experiment.

Micropolar and gradient elasticity theories, which generalize clas-
sical continua by incorporating micro-rotations or higher deformation
measures, also benefit from the variational insights rooted in the PVW.
New deformation measures for nonlinear and linear micropolar media
have been proposed [47,48], building upon earlier work on strain
measures in the non-linear micropolar continuum [49]. In parallel,
advances in dissipative and frictional models [50-52] have been formu-
lated using energy-based or variational arguments. This is equally true
in multiphysics domains, such as electromagneto-elastic materials [53]
and architectured media exhibiting nonlinear vibrations [54]. Finally,
even in the context of nonlocal viscoelasticity in fluids, variational
formulations remain a natural and effective language for capturing
dispersive and memory effects [55].

These diverse lines of research confirm that the PVW is not merely
a relic of classical mechanics, but a generative principle that contin-
ues to inspire new modeling strategies across scales, materials, and
disciplines. Whether reformulated in geometrically exact language, em-
bedded in numerical algorithms, or extended to nonclassical material
behaviors, it persists as the conceptual and formal bedrock of modern
continuum theory.

1.3. Motivation for the present study

Taken together, these developments underline the centrality of the
Principle of Virtual Work as a unifying tool in mechanics, and in
particular in modern continuum mechanics. Its dual role, both as a
methodological bridge between classical and generalized theories, and
as supplier of a rigorous mathematical apparatus for the analysis of
weak formulations, confirms its timeless relevance. This theoretical
richness imposes further historical investigation into its origins, evolu-
tion, and foundational status. In this light, it becomes compelling to
explore whether the conceptual structure of the PVW, so prominent
in modern mechanics, might trace its roots back to the early stages of
mechanical thought in antiquity.

In the present work, we start undertaking such an inquiry. We
return to one of the earliest preserved mechanical texts, the Mechan-
ica Problemata, traditionally and wrongly attributed to Aristotle, and
conduct a detailed exegesis of its first three problems. Our goal is to
demonstrate that a pristine form of the Principle of Virtual Work was
not only known in the Hellenistic period but effectively used to reason
about equilibrium configurations of levers and balances. By examining
the logical structure of the arguments and comparing them with later
developments, particularly those of Jordanus de Nemore and the modern
formalism of virtual displacements, we argue that the PVW has a
lineage that predates its Renaissance rediscovery and its Enlightenment
formulation. This inquiry, thus, bridges ancient and contemporary ap-
proaches to mechanical theory, offering a deeper understanding of how
foundational principles emerge, persist, and evolve across the history
of science.
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1.4. The Mechanica Problemata

The Mechanica Problemata (MP) is a work that has long been
attributed to Aristotle or his school (the author of the MP is sometimes
referred to in the literature as Pseudo-Aristotle). Before reading in
detail some passages from three of the 35 problems collected in the
work, it is necessary to make a few preliminary remarks.

First of all, we would like to point out a matter of the utmost
importance: although we strongly believe that the first version of the
principle of virtual work is present in the MP, this can be very difficult
to verify if (i) one does not read the text carefully, even referring to
the Greek original, and (ii) one does not investigate the influence that
the MP had on the subsequent literature. We explicitly remark here
that the analysis of all secondary sources [56-58] proves without any
doubt that MP were considered a scientific textbook to be used in the
formation of new scientists without interruption until the publication
of the 1758 edition of Lagrange’s ‘“Mechanique Analytique”.

More specifically, we would like to point out that the translations
of ancient Greek texts on scientific subjects are often, if not always,
carried out by scholars who are extremely knowledgeable for their
humanistic-linguistic skills, but who are almost completely unaware
of the technical details of the mathematical mechanics. Among the
exceptions, as we shall see, remarkable is Marshall Clagett, author of
works of fundamental importance for understanding the development
of Science in antiquity and the Middle Ages. The usual result is that the
translations of scientific texts are completely unreadable to the contem-
porary scientist, being logically inconsistent, and are, unavoidably and
consequently, considered outdated or too naive.

The second aspect to be taken into account when analyzing the
texts of these mechanical problems is that the MP was written when
the main mathematical tool in mechanics was Euclidean geometry.
Therefore, many believe that its author was using a primitive version
of the Principle of Virtual Work. We believe that the original version
of the MP had to undergo several rewrites and reinterpretations before
coming down to us in the version known today (that of D’Alembert and
Lagrange), which is mainly based on algebraic formalism. In particular,
we believe that it is Jordanus de Nemore (or Nemorarius) who takes the
text of problem 3 and rewrites it in a version in which the principle of
virtual work is more easily recognizable. But Jordanus would not have
written his work without having in his hands the believed-primitive
version of the principle as used in the MP!

1.5. The need of a translation guided by mechanics knowledge

Within the scholarly landscape, there are a number of relevant
contributions that examine the available text constituting the Mechan-
ica Problemata. These studies do not confine themselves to a simple
translation of the text, but are devoted to contextualizing its contents.
However, in spite of the extraordinary efforts made by philologists and
classicists, it is important to recognize that the result presented is very
often considerably inadequate.

In fact, many of the translations and critical treatises consulted [8,
59-62] suffer from the same fundamental shortcoming: they are the
work of scholars who are excellent in linguistic skills but who had
little or no knowledge of mathematics, mechanics, physics and other
branches of exact sciences. Their lack of in-depth knowledge of the
technical aspects of these disciplines contributes to a superficial, in-
complete and logically inconsistent interpretation of the original text.
Therefore, there is an urgent need of the competences of multidisci-
plinary experts capable of combining philological expertise with a solid
understanding of the scientific disciplines involved in order to produce
a more complete and accurate analysis of the MP.

The result of many translations of MP is often a text that seems
to lack scientific quality, appearing as just another ancient testimony
about levers and balances. They often use a language similar to that
of translations of the Iliad or Archilocus’ Jambi. The reality behind it,
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however, is quite different. If one really attempts the reading of the
text of the MP and to understand its author’s intentions, a panorama of
scientific knowledge emerges that parallels or overcomes that of figures
such as Newton or Galileo. Indeed, a careful comparison between the
first book of Newton’s Principia and the first problem of the MP reveals
a surprising affinity. The two texts share so many elements that it
becomes undeniable that Newton’s Principia comes from the scientific
tradition of the MP.

This connection is so strong that we hypothesize that Newton may
have come into possession of scientific texts from the Greek period
and has been “inspired” by them in his research: we believe that a
careful search in the documents left to us by Newton will reveal his
cultural debt towards Greek sources [63-66]. Whether this is only a
suggestive hypothesis or an established truth, the crucial aspect is that
the Principia contains, in a somehow more comprehensive way, the
same kind of reasonings found in the MP: albeit Descartes had already
introduced Cartesian geometry, Newton continued to use the Greek
geometric methods in all his masterpieces. The correlation which we
prove, reinforces the idea that the roots of Newton’s scientific vision can
be traced directly to the MP tradition, thus highlighting the continuity
and evolution of the scientific thought throughout history.

All the translations we have examined are based on the assumption
that the corpus of the Mechanica Problemata (MP) deals exclusively
with levers and balances, an interpretation that turns out to be re-
markably limited. Indeed, this view is incomplete, since the text of the
problems collected in the MP seems to be only part of a much larger
and more varied lost scientific treatise. We are tempted to consider the
transmitted manuscript of MP as the notebook of a student who wants
to collect the ideas of his teacher, who expresses concepts in a fluent
and relentless manner.

Often one notices that the transition from one problem to the next
is fluid, dealing with the mathematical modeling of different physical
phenomena that can nevertheless be represented by the same math-
ematical formalism. It is in this context that the genius of the Greek
scientific tradition behind MP comes to the fore: discussions are started
with a general approach, followed by the presentation of the ideas
specific to each application problem. This style of treatment highlights
an advanced level of thinking, where the authors not only deals with
individual problems, but also offers a broader and more abstract view,
recognizing the underlying mathematical connections that permeate
the entire work. In this way, a profound understanding of the subject
matter is manifested, emphasizing the richness and complexity of the
scientific content inherent in the Mechanica Problemata. The authors
believe to recognize in the intentions of the authors of MP the same
intentions manifested by R.P. Feynman: we cannot imagine what would
have become the set of his lectures if they were not have been recorded
and how would appear the lectures notes if they were not taken by the
best physicists of their generation. For more comments about this point
we refer to the opinion of Feynman himself [67].

The perception of a possible incongruity between the high complex-
ity of scientific thought and the modest quality of its expression in MP
seems to be an opinion shared by W. S. Hett, who acted as skilled
translator in the Loeb Classical Library’s edition of Aristotle’s Minor
Works [68]. This observation formed the basis of our initial intentions
and considerations:

Though the author is astray in some cases, it is most surprising to
find how far the science of Applied Mathematics had advanced by
this date.

So, if we accept the idea that MP were written by someone taking
notes, the pupil was overwhelmed by the enormity and complexity of
the topics covered by the teacher and only manages to grasp some
aspects of them. However, if this seems too interpretive, we invite you
to consider how it is possible that an author capable of certain outbursts
of thought could then leave some parts of the treatise as incomplete.
Surely MP is not the original work, but a compendium of it!
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1.6. The problem of the authorship

A problem of considerable interest, which is not only academic but
also of fundamental importance, lies in establishing who the author
of the MP may be. This problem is relevant because, depending on
who the author is, different kinds of conjectures can be made about
what the original work might have been like. It now seems implausible
to almost all scholars that the author of the Mechanica Problemata is
Aristotle. Some still converge on the possibility that he was a member
of the Peripatus. We can support the idea that the material author
of the text may have been a member of the Peripatus, but we do
not believe that the source from which the compendium is drawn
comes from that cultural milieu. An important piece of evidence in
favor of an author of the Peripatus is the fact that the MP is written
in the Attic dialect, the same language spoken by Aristotle and his
students. However, there are some very convincing theories that the
author came from a completely different cultural milieu. In this context,
Thomas Winter, introducing his sometimes questionable translation of
the MP [8], presents a very persuasive deductive investigation into the
identity of the author of the MP. He begins with a text by Vitruvius,
who clearly knew who the author was and never explicitly reveals
his identity because, Winter argues, this information must have been
common knowledge in Vitruvius’ time.

Vitruvius, after having reproduced nearly verbatim many of the
results reported in MP, mentions in his bibliography a number of Greek
scientists whose works inspired him. Many of them can be associated
with the work without much difficulty. This leaves only a few authors
from which to choose the one who wrote the MP. By exclusion and
by chance, Winter shows that only Archytas of Tarentum could be
the author of the Mechanica Problemata. There is only one problem
(which Winter does not point out): Archytas is from Tarentum, a
colony of Sparta where the Doric dialect is spoken. There seems to be,
therefore, a linguistic inconsistency in the author’s choice. Obviously,
this inconsistency can be overcome by accepting the thesis that the
direct compiler of the MP is a member of the Peripatus (who therefore
writes in Attic dialect) who takes notes from a much larger and more
complete text and/or from lectures both derived from the ideas of
Archytas of Tarentum. In conclusion, we believe that the original text
of Archytas is the common source of our version of the MP and the
work of Vitruvius. It is suggestive to imagine that the ideas of Archytas
were imported into the Peripatus by Strato of Lampsacus. In fact, both
Strato and Archytas belonged to the Pythagorean school. It has to be
remarked that Clagett himself thinks it possible that the author of the
MP could be Strato [69,70].

1.7. Pristine form of the principle of virtual work

Two premises must be made concerning why we agree with the
statement [69] that a pristine form of the Principle of Virtual Work
is applied in MP. It will be sufficient for us to read the third problem
(for the understanding of which, however, we have also included some
notes about the first and second ones) in order to clarify somewhat how
the Principle of Virtual Work was used in Hellenistic mechanics. It is
now necessary to understand two aspects that particularly concern MP.

Firstly, as we have already noted, this text lacks an organic and/or
axiomatic formulation such the one which can be found in Euclid’s
Elements, or in contemporary texts such as those by Aristotle, or in
later works such as those by Archimedes. This is due to the fact that
the MP are not really a treatise, but rather a series of notes. Clagett [69]
is aware of this circumstance. However, he justifies it by conjecturing
that in Hellenistic Science there were two different ways to formulate
theories: the axiomatic/geometric one, typical of the works by Euclid
and Archimedes, and the dynamic one, not based on axiomatics but
dealing with specific problems. From Clagett’s point of view the MP use
the Principle of Virtual Work in an unconscious way, as sometimes the
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principles are used in some modern textbooks in Physics. We disagree
with Clagett’s justification.

Secondly, in the third problem we do not find an explicit formu-
lation of the Principle of Virtual Work. Instead, we see how it can be
applied to calculate the equilibrium of levers. In this regard, we would
like to point out that the equilibrium of a lever can also be calculated
through the study of the balance of moments, since the forces applied to
the extremes are given and the moments arms correspond to the arms
of the lever. This, in fact, is quite familiar to the contemporary reader,
because today we are massively influenced by a practical Engineering
modern approach that has abandoned the formulation of equilibrium
by means of variational principles and has chosen to embrace that
made in terms of the balance of forces and moments. It is peculiar
that in the brief discussion presented in Problem 3, there is no trace
of such balanceist reasoning. We remark that it is very difficult with-
out Cartesian geometry to introduce the concept of moment of force
(however introduced by F. Maurolico in the 16th century [71]), whose
mastering became much easier after the introduction of the concept
of vector product. It is clear that mechanicians basing their reasonings
on geometric techniques will find much easier to introduce and use
the Principle of Virtual Work than the balance laws: therefore, it is
evidently much more natural for Hellenistic mechanicians to use the
Principle of Virtual Work than balance laws. Only scientists having a
modernistic prejudice may consider that postulating balance laws is
more natural.

1.8. Hellenistic science influence on D’Alembert and Lagrange through
Jordanus de Nemore’s Opus

It should be pointed out that we find in the MP a pristine version of
this principle, which will be reformulated in the following millennia
until it arrived to the form accepted by D’Alembert and Lagrange.
We do not know whether a more complete and rigorous formulation
existed in Hellenistic literature (although the evidence would lead us
to believe so), but we can follow the traces over the centuries left by
Problem 3. In fact, this problem certainly acted as a source for Jordanus
de Nemore, who in his works recalls the same reasoning made by
the author of the MP and clarifies it in the context of a problem of
equilibrium determination. A comparison with the text of Jordanus de
Nemore is also very useful because, as it will turn out, Problem 3 seems
lacking and concludes with the simple enunciation of the problem to be
solved. From this point of view, it appears to be the text of an exercise
without its solution (again this circumstance reinforces our belief that
the compiler of MP was a student).

1.9. The importance of lexicon: from virtus to virtual

A second observation, which closes this brief introductory discus-
sion, concerns the nature of the Principle of Virtual Work as used in MP.
Its nature is more similar to the Principle of Virtual Velocities contained
in D’Alembert and Lagrange’s approach than to the successive version
named Principle of Virtual Work. In this sense, one can recognize in
Lagrange a strong inspiration that is certainly Greek in origin.

On the other hand, this can also be determined because of La-
grange’s choice of the lexicon used: he, in fact, does not speak of “force”
but of “power” (while giving to “power” the same meaning as what
we give to the word “force”): in the MP the word ioy0c is used,
which is translated in the literature with either words. We conjecture
that Lagrange expressly chose to refer to a “power” rather than to a
“force” wanting to separate the Principle of Virtual Velocities from
the standard concept of force. In this principle, in fact, as D’Alembert
explained in his Traité de dynamique [72] using words that cannot be
misunderstood, forces are introduced as mere mathematical objects: “I
had never intended to attach to these terms any other idea different from
those which result from the Principles that I established”.
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We add another lexical consideration about the adjective “virtual”
appearing in the name “Principle of Virtual Work™: as we will see,
this principle takes its starting point from the ideas contained (in
pristine form) in the MP, but it is then refined over the centuries
and a strong boost in the direction of its modern formulation, even-
tually made by D’Alembert and Lagrange, can be found in the Middle
Ages Latin tradition. This tradition receives as a heritage the Aris-
totelian corpus and, through this latter, the text of the MP. As we
have mentioned, Jordanus de Nemore, probably also drawing on Arabic
sources [69], takes the same problems of the levers contained in MP
and recalculates the equilibrium conditions by introducing the current
configuration of the system and estimating, starting from it, the lin-
earized displacements-velocities of the applied weights. This “dynamic”
approach makes it possible to calculate the equilibrium based not only
on the weights and their positions (which are used in the geometric
approach a la Archimedes), but also on the velocities (or, equivalently,
the displacements) of the “points of application” of the weights.

Obviously, we cannot distinguish between the eventual original
contribution by Jordanus and the lost common source of his works and
MP. We believe that it is very likely that Jordanus had access to the
same or to an equivalent source that Vitruvius.

The Latin tradition, based above all on texts attributed to Jordanus,
will also massively influence later scholars in their choice of names. We
have already observed how in Lagrange there is an early nomenclature
certainly related to the direct translation from Greek of the word ioyic
(force or power). But it is the Latin tradition that is certainly behind
the attribute “virtual”. In his notes to the Liber Karastonis [69], Clagett
observes:

Cf. Aristotle, Physics IV, ch. 4. The 4th, 5th and 6th postulates define
“force” (virtus or fortitudo), in the sense of the power of a heavy body
to fall downward, or of a light body to rise upward, in a given corporeal
medium.

It is clear, then, that the attribute “virtual” derives from the Latin
“virtus”, which can also be translated as “force”. But Clagett points
out that this word also expresses the idea of a “movement in power”
of the weight in question. We can assume that it is here that the
concept of force was first born. Of course, it could be argued that
Archimedes, in a period immediately following the formulation of the
MP (and probably having its source available), introduces equations of
equilibrium which therefore use the concept of force independently of
its involvement in the Principle of Virtual Work: but (i) Archimedes is
a later scholar than the author of MP source, and (ii) it would not be
the first time that consequences of a certain principle are assumed as a
starting point for presenting further results after they had been fully
demonstrated. Or perhaps, referring to Archimedes, it would be the
first time, but certainly not the last. Consider, for example, Newton,
who, as the story goes, had introduced the laws of motion using the
new techniques of differential calculus, but published his Principia only
after he had demonstrated everything using Euclidean geometry. We
will see later that Newton had almost certainly also read the MP (or its
medieval remakes, such as the texts of Jordanus), and that his Principia
seem to follow the MP text closely. But the fact remains that when
a new way of formulating theories is introduced, the first attempt is
always to reformulate it in the well-known scientific language already
accepted by the scientific community. This may have happened with
Archimedes, it certainly happened with Newton, it even happened with
Heisenberg when he reformulated Quantum Mechanics in terms of
operators rather than states.

2. The three first problems

The translation of the parts of the Mechanica Problemata which we
analyze is taken from the English translation of this work, appearing
in pp 327-411 of the Loeb Classical Library’s edition of Aristotle’s
Minor Works, first published in 1936 [68]. In the number of available
translations this seems to us the more careful one.
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2.1. Exegesis of Problem 1
We read in MP Problem 1:

First of all then a difficulty will arise as to what happens to the balance;
why, that is, larger balances are more accurate than smaller ones. The
origin of this is the question why that part of the radius of a circle which
is farthest from the center moves quicker than the smaller radius which
is close to the center, and is moved by the same force.

The question from which the author of the MP starts seems to be
a purely practical one: the sensitivity of the balance as a measuring
instrument. The author observes that a larger balance, i.e. one with
longer arms, is able to give more accurate mass measurements than
a smaller one. The really interesting thing is that the compiler of MP
refers to the ideas of somebody who seems to fully understand the
concept of indirect measurement and who is able to identify, in a
very concrete way, the right quantities to modify in order to obtain
an indirect increase in the accuracy of mass measurement: the clarity
of the underlying theoretical framework and the poor quality of the
following logical steps are a strong indicator of the fact that MP is a
lecture note taken by a compiler who is not fully mastering the subject.

It is astonishing, and meaningful, what happens when reading MP:
when the statements, albeit deep and reflecting complex epistemo-
logical or methodological concepts, are simple to be formulated then
the compiler of MP manages to be understandable. On the contrary,
when the reasonings become more technical or more involved, then
the compiler of MP is lost, the quality of the text is very bad and the
reader looses completely confidence about the reliability of the text.

Coming back to the exegesis of the quoted text: firstly, the measure-
ment of the mass is carried out, as in any arm balance, by means of an
angular measurement: one observes the displacement of the balance
arms with respect to the horizontal and, by measuring the angle, one
is able to obtain the measurement of the weighted mass.

Secondly, the ability of the school of thought that elaborated the
sources of the MP is not only of a practical and technological nature: a
deep understanding of the theoretical aspects of mathematics, reach-
ing heights of abstraction that could be described as contemporary,
manages to reach us via what appears to be a corrupted text. In fact,
the observation that a small balance may not give a measurement
for masses that are too small, but that such a measurement could be
obtained by using a balance with longer arms, shows that the scientific
milieu underlying MP succeeds in clearly distinguishing between the
concept of infinitesimal displacement (or rotation) from that of zero
displacement (or rotation). In fact, the fact that in some cases a small
balance does not provide a measurement is not due to the possibility of
having an object with zero mass, but rather to the practical impossibil-
ity of measuring infinitesimal displacements with this instrument. This
aspect, which may seem marginal, is of fundamental importance from
a epistemological point of view. Those who claim that Greek scientists
were not interested in applications of their mathematics should be
surprised in discovering that in MP the concept of sensitivity of a
physical instrument is clearly addressed. In future investigations we
will confute with more arguments the wrongly supposed incapacity of
Hellenistic Science to apply abstract concepts to practical problems. We
continue to read the text of MP:

The word quicker is used in two senses; if a point covers the same
distance as another in a shorter space of time we call it quicker, and also
if it covers a greater distance in an equal time. But in our case the greater
radius describes a greater circle in equal time; for the circumference
outside is greater than the circumference inside.

We start remarking that the greek text reads: which, word by word,
means:

it can, either, in fact in a shorter time the same space go through.

Mechanics Research Communications 148 (2025) 104499

We do not understand why the translator wrote “in a shorter space of
time” which in this context is extremely confusing. Indeed, a skilled
mechanician would have translated “in a shorted interval of time”.
Remark that the Greek text with a laudable synthesis simply says
“shorter time”.

This is a simple and immediate example of a bug in the available En-
glish translations of MP: together with many similar others, it demands
that expert mathematicians and mechanicians with enough competence
of Greek language should accept the challenge of producing good
quality translations of Greek mathematical texts.

Coming back to the quoted sentence: the concept of average speed is
expressed very clearly, albeit in a language that is completely different
from contemporary language (and this should in no way lead one to
believe that the content is less correct or less complete than contem-
porary content). In fact, this concept is introduced by comparing the
speeds of two material points: one material point will be said to be
quicker than another if (i) it travels the same distance as the other in
a shorter time, or if (ii) it travels a greater distance in the same time.
This definition seems very natural if one considers the use of geometry
and geometric concepts systematically adopted by Hellenistic scientists:
in fact, it is suitable for comparing different time intervals by using
time representative segments. It has to be remarked that, albeit it has
been recognized that Newton and Leibniz have introduced an algebraic
definition of velocity based on ratios of increments, Newton himself
used systematically the quoted definition taken from MP.

It is important that the concept of average speed is introduced by
means of two examples: in fact, they make it possible to state that
the sources of the MP clearly had in mind the dual dependence of
speed on the distance traveled and the time employed. This aspect may
seem trivial, but instead shows that the treatment of the problem under
consideration is formulated in both an extremely rational manner and
trying to be pedagogically clear.

MP continues as follows:

The reason is that the radius describing the circle is performing two
movements. Now whenever a body is moved in two directions in a fixed
ratio it necessarily travels in a straight line, which is the diagonal of the
figure which the lines arranged in this ratio describe.

Albeit in the Introduction of MP the study of circumferences is
sketched, we remark that the compiler of MP seems to be too quick in
his kinematical preliminaries: we will dedicate further investigations to
clarify this point.

Here one must read the text of the MP problem carefully: “the
radius that describes the circle makes two movements”. This seemingly
obscure sentence will be, in our opinion, clarified later in MP text, but
it is nothing more than a “natural language” expression to introduce
the components of displacement. The next sentence, in fact, basically
explains the parallelogram method for the sum of two vectors. As
we know, plane geometry was developed in the very same period as
the composition of the MP and its application in demonstrations of
mechanically relevant problems is natural.! This way of acting in the
demonstration of concepts proper to Physics was preponderant still
until Newton, who, despite having, according to the vulgate on the
History of Science, introduced, together with Liebniz, the infinitesimal
calculus, chose to demonstrate the laws of dynamics by means of
geometric constructions. This is perhaps an indirect proof that Newton
was in possession of Hellenistic sources and drew heavily on these to
formulate [73,74] his Principia.?

In order to follow the next quotation from MP, it is necessary to
refer to Fig. 1.

1 We believe that in reality Euclidean geometry and mathematized mechan-
ics were developed in parallel, one influencing the other: this point deserves
further investigations [69].

2 We share with Keynes the opinion that Newton has been the last of Middle
Age scientists [64].
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Fig. 1. The figure explaining the composition of displacements in the manuscript of
MP transmitted to us.

Let the ratio according to which the body moves be represented by the
ratio of AB to AT. Let AT move towards B while AB be moved
towards the position HI'; now let A travel to A, and let AB travel a
distance determined by the point E. Then if the ratio of the movement
is that of AB to AT, then the line AA must bear the same ratio
to AE. Then the small parallelogram has the same proportions as the
larger, so that its diagonal is the same, and the body will move to Z. It
can be shown that it will behave in the same way at whatever point its
movement be interrupted; it will always be on the diagonal. Conversely it
is obvious that an object traveling with two movements along a diagonal
will always move in the ratio of the sides of the parallelogram. For with
any other proportion it will not travel along the diagonal. But, if a body
travels with two movements with no fixed ratio and in no fixed time, it
would be impossible for it to travel in a straight line. For suppose it to
be a straight line. If this line is drawn as a diagonal and the sides of the
parallelogram be filled in, the body must move in the ratio of the sides;
this has been demonstrated before. Hence the body that travels in no
constant ratio and in no fixed time will not make a straight line. For if
it travels in a fixed ratio for a given time, during this time it must move
in a straight line, because of what we have already said. So that if it
moves in two directions with no fixed ratio and in no fixed time it will
be a curve.

Again we find that the text, both for the low quality of the original
and for the lack of mechanical competences of the translator, can
be understood only if the reader is very familiar with the evoked
kinematical concepts. Postponing to future investigations the careful
philological analysis of this text, we correctly translate explicitly one
sentence, whose correct meaning we could reconstruct both referring
to the logical structure of the underlying mechanical concept and to
a more careful identification of the meaning of used Greek words. We
refer to the sentence: which, instead of being translated as:

but, if a body travels with two movements with no fixed ratio and in no
fixed time, it would be impossible for it to travel in a straight line

should be translated, word by word, as:

if in any ratio are conducted two motions in any time, it is impossible
that straight may be the motion

Our translation proves that the source of the compiler of MP was stating
that, we use a modern nomenclature for being clearer: if in a motion the
components of the displacement are changing their ration, then the trajectory
cannot be a straight line. Of course, the original concept was lost in
two translations: from Doric Greek into Attic Greek and from Attic
Greek into English. However, together with the intrinsic difficulties of
translation the role of the compiler of MP in confusing the original
ideas cannot be neglected: we conjecture that the ideas contained in
the original work by Archytas were imported in the Peripatos by Strato
of Lampsacos, without a big success, as after Strato mechanics seemed
to be abandoned as a study discipline in Athens.
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Fig. 2. The figure explaining the circular motion in the manuscript of MP transmitted
to us.

To remain close to the referred Greek text, we say that it states
that a plane motion is described as being composed of two rectilinear
motions along the horizontal, AB, and vertical directions, AI'. In
modern terms, we would say that a plane motion can be considered
as a composition of a horizontal rectilinear motion along abscissa x
and another vertical rectilinear motion along ordinate y. The reader
will appreciate the enormous economy of thought gained in introducing
Cartesian geometry: the author of MP must specify the geometrical set-
ting of his reasoning before talking about kinematics. On the contrary,
once Cartesian geometrical/algebraic relationship has been established
once forever, the language is quicker albeit the rigor is maintained.
In addition, the author of the MP specifies that in order for the
composite plane motion to be itself rectilinear, two hypotheses must
be verified, one of a geometric nature and the other of a kinematic
nature. The first hypothesis, the geometrical one, is that the horizontal
and vertical displacement components remain, for each successive step
of displacement, in the same ratio.

The second assumption that confusedly emerges from the Greek text
is of a kinematic nature and concerns time intervals. In the quoted
excerpt, we find evidence that the concept of acceleration can be found
in Greek mechanics in a pristine form. In fact, the author of the MP
states that in order for the resulting motion to be rectilinear, the time
intervals must be fixed. Although this cannot be taken as a definitive
proof of the existence of the idea of acceleration, it must be recognized
that, in contemporary textbooks, acceleration is introduced precisely
as the variation of instantaneous speed, in which there is therefore a
variability of the relationship between the spatial interval and the time
interval “instant by instant”. Clearly, the echoes of the source of MP
have traveled a long way in Western civilization!

MP then continues describing circular motions.

That the line describing a circle moves in two directions simultaneously is
obvious from these considerations, and also because that which travels
along a straight line is along a perpendicular, so that it again travels
along the perpendicular to a point above the center. Let ABI be a circle,
and from the point B above the center let a line be drawn to A; it is
joined to the point T; if it traveled with velocities in the ratio of BA
to AT it would move along the diagonal BT.

Also in this paragraph, the idea of sum between displacement
vectors is evident. Furthermore, we can clearly see how in this case
the author has, in an extremely natural way, applied the graphical
method of head-to-tail, in which to sum two vectors, BA and AT,
one brings the tail of the latter, A, to the point of application of the
former, and draws the conjunction from the tail of the former, B, to
the head of the latter, I'. Furthermore, the author uses the discussion
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Fig. 3. Description of circular motion.

of the sum of the two vectors (see Fig. 3) to demonstrate (see Fig. 2)
that for a motion to be circular, the component displacements must be
orthogonal to each other, effectively introducing a centripetal and a
tangential component.®

But, as it is, seeing that it is in no such proportion it travels along the
arc BEI.

The MP source has demonstrated, with a previous reasoning, that
if the displacement components were in a fixed ratio to each other
for each displacement step, then the resulting displacement would be
uniformly rectilinear (uniformity is ensured by the requirement that the
time intervals are also always equal). In the case considered and shown
in Fig. 2, on the other hand, the motion studied is characterized by
components that do not have a constant relationship with each other,
although they remain orthogonal, and therefore do not produce recti-
linear motion, but the material point will move along the circumference
ABT. This concept is discussed in detail in the following paragraph.

Now if of two objects moving under the influence of the same force
one suffers more interference, and the other less; it is reasonable to
suppose that the one suffering the greater interference should move
more slowly than that suffering less, which seems to take place in the case
of the greater and the less of those radii which describe circles from the
center. For because the extremity of the less is nearer the fixed point than
the extremity of the greater, being attracted towards the center in the
opposite direction, the extremity of the lesser radius moves more slowly.

This is a very rich and dense but confused paragraph. Clearly, its
interpretation cannot be separated from the interpretation of the two
terms éxxpovoito (deponent form of the verb &xxpolw, meaning “to
push out or to push back”) translated by Hett as “interference” and
loxVoc (genitive of loy0o) translated as “force”.

Let us first focus on the meaning of the verb éxxpovoito. In
fact, it is peculiar that the Loeb Classical Library’s edition translates
“suffers interference” while Jean De Groot’s version refers to éxxpoloic
(translatable as “the act of expelling”) as a constraint. We would
like to emphasize here that both versions cited are the work of a

3 We have remarked by consulting the different versions of MP available
in the literature that many versions of the same diagrams are presented. Of
course, while the corruption of text is slower, the corruption of diagrams
occurs at a higher speed, so that, while MP text remains more or less stable, the
appearance of explanatory diagrams changed very much indifferent sources.
We, therefore, are not surprised that, in the source we are consulting, the
orthogonality condition, which is referred to in the text, is not shown. A
beautiful and persuasive discussion of this point can be found in [75].
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mostly humanistic/philosophical school that, therefore, fails in ac-
curately recognizing correspondences between ancient and modern
scientific language. The authors of the present analysis, on the other
hand, have carried out formal scientific studies (theoretical physics)
and complement these with a reasonable knowledge of ancient Greek
and Latin.

For this reason, we can say, without a shadow of a doubt, that
the author of the source of MP does not want to signify either an
interference or a constraint, but a “change in trajectory” due to a push
back. This is immediately understandable by those who are familiar
with the concepts of circular motion, centripetal accelerations and
centrifugal forces. In fact, it is known that centripetal acceleration in
circular motion depends quadratically on the tangential velocity and
inversely on the radius of the circumference along which the motion
occurs. Furthermore, if the motion is circular and uniform then the
total acceleration will only be the centripetal one that does not produce
variation in the modulus of the tangential velocity, but only in its
direction.

If we now accept the translation of ioy (g as “force” (but other trans-
lations are also possible, such as “power, impulse”: it is remarkable
that Lagrange in his Mecanique Analytique used the word “power” to
refer to what we now call force), then we know that, by the second
law of dynamics, force is proportional to the acceleration that a body
of mass m undergoes. Therefore, we can understand that for the author
of MP to specify that “two objects moving under the influence of the
same force” corresponds to considering their accelerations equal, mass
being equal. This implies, in modern terms, that keeping the centripetal
acceleration, expressed by means of the tangential velocity and radius
as v?/R fixed, varying the radius R must also vary the tangential
velocity v.

From the above, it follows logically that the material point moving
on the circumference of a smaller radius is slower than the one moving
on the circumference of a larger radius. The truly remarkable aspect of
this discussion is the fact that this observation, which could easily be
demonstrated by simple kinematic considerations (greater space trav-
eled in the same time as lesser space implies greater velocity), is instead
demonstrated through considerations of dynamics. We conclude that
the source of MP had improved Eudoxus purely kinematic description
of planetary motions and could give for them a more complete dynamic
explanation.

Moreover, this demonstration also indirectly implies an awareness
of the dependence of a central force of attraction on the distance from
the center. Of course, there is no evidence, in this discussion, of an
awareness of the law of the inverse of the square of the distance, but
certainly the author of the source of MP had this kind of knowledge in
his background.

Why are we so sure of this? As we pointed out earlier, to prove
that two points moving on two arcs of a circle corresponding to the
same angle but of different radiuses in the same time, it is sufficient to
observe that to travel a longer path in the same time as the shorter one,
it is necessary for the to material points to move at different speeds.

But this is not enough for the source of the MP. This would certainly
suffice to describe the motion of an arm balance or a lever, where the
ends of the beam are constrained to remain along the circumference.
Incidentally, it is probably the thought of a lever that led Jean De
Groot [76] to translate éxxpoloito as “is constrained”. Jean De Groot
is absolutely far from the idea that the source of the MP could also
refer to the motion of the planets. On the other hand, we have no idea
what the Loeb Classical Library’s edition means by translating ‘“‘suffers
more interference”: this is a recurring problem when translations of
ancient scientific texts are edited by humanistic scholars who have
never studied contemporary Science. Indeed, we subsequently find the
following text:

This happens with any radius which describes a circle; it moves along
a curve naturally in the direction of the tangent, but is attracted to the
center contrary to nature.
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This statement, read consciously, has an enormous importance. It
clearly is implied by what we now call the “Principle of Inertia” and
which we attribute to Galileo and Newton. It speaks of motion “ac-
cording to nature” and motion “against nature”. Moreover, it specifies
that the motion according to nature has a direction tangent to the
circumference, we could say a rectilinear motion, while the motion
against nature is in the radial direction.

Now, we must specify that the compiler of MP has the habit of not
providing direct definitions, of discussing more than one phenomenon
at the same time, of expressing some concepts while denying the
opposite. This can lead to confusion, especially if the reader does
not have a solid scientific background. Also this time, it would seem
as if the compiler of the MP is a student taking notes, transcribing
excerpts of a broader and more comprehensive discussion, following
a professor who is giving examples while speaking. In this sense, one
could interpret Vitruvius’ indirect attribution of the text of the MP to
Archytas of Tarentum: in reality, this text comes from the school of
Archytas, but does not constitute Archytas’ original text. Obviously, as
we have already remarked, this is only a conjecture, but it seems to us
a good one: on the other hand, it is quite improbable that someone who
is able to speak with knowledge of deep concepts of modern mechanics,
but in the 4th century BC, was unable to make a complete and organic
draft of it.

Having said this, it is clear that a motion ‘“according to nature”
cannot be anything other than uniform rectilinear motion. Such motion
is perturbed in the presence of a center of attraction: “but is attracted
towards the center contrary to nature”. A center of attraction is nothing
other than a center of gravity.

So, rephrasing the words used in the MP in this paragraph, one
could write: a body not subject to forces remains in a state of uniform
rectilinear motion, from which it deviates if forces intervene.

This would be sufficient to identify Newton’s First Principle of
Dynamics, in which, however, inertial systems are mentioned. It may
appear that in MP the concept of inertial observer and free motion of
a body is not taken into account. So, apparently the modern version
of the Principle of Inertia remains more complete. However, if one
takes a further step in understanding the content of the source of MP,
Archytas, or whoever was the originator of MP tradition, does not
write “in the presence of forces”, but specifies that a central field of
attraction influences uniform rectilinear motion by deflecting it. And
we know that introducing a central force field means not only adding
forces, but also the concept of non-inertial system.* And with a single
statement, the source of the MP seems to anticipate the conceptual
bases which found not only Newtonian mechanics, but also Einstein’s
General Relativity, where gravity is a mere non-inertial effect!

The lesser radius always moves in its unnatural direction; for because
it is nearer the center which attracts it, it is the more influenced. That
the lesser radius moves more than the greater in the unnatural direction
in the case of radii describing the circles from a fixed center is obvious
from the following considerations.

Here, the author of MP reiterates his knowledge of an analogue of
the gravitational field. In fact, he compares the motion of two material
points at different distances from the center of attraction, i.e. the center
of gravity, and he claims that the closer point is more attracted.

No indication of possible knowledge of the law of the inverse of
the square of distance is given, but it is certainly clear that the author
knows that the intensity of attraction is inversely proportional to -

4 The reader will remind that while studying the motion under the action of
central forces it is very useful to introduce centrifugal or centripetal apparent
forces: therefore, as also explicitly shown in other parts of MP, the concept of
inertial and non inertial forces had to be somehow clear to the most skilled
extensors of MP.
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Fig. 4. The figure explaining non-intertial systems in the manuscript of MP transmitted
to us.

we would say today - a function of distance. We remind that the MP
calls “natural” direction in a circular motion the tangent direction
and “unnatural” the radial one: it also states that a stronger force
is needed for imposing a circular motion of smaller radius (see Fig.
4). The geometrical demonstrations which follows is a more precise
formulation of the previous statement.

Let there be a circle B'EA and another smaller one inside it XNMZ
described about the same center A and let the diameters be drawn, the
larger AT and BE and in the smaller circle MX and NEZ; let the
rectangle AWIIT" be completed. If the radius AB describing the circle
returns again to the same position from which it started, namely to AB,
it is clearly traveling towards itself. In the same way AX will return
to the position AX. But AX travels more slowly than AB, as has
been said, because the interference with it is greater, and AX is more
interrupted. Let AOH be drawn, and from the point © a perpendicular
©Z be dropped within the circle to AB; again from © let OS2 be drawn
parallel to AB, and the perpendiculars QY and HK dropped on AB.
Now the lines QY and ©Z are equal, but BY is less than XZ. For in
unequal circles equal straight lines drawn perpendicular to the diameter
cut off smaller parts of the diameter in the greater circles, and Q7Y is
equal to ©Z. Now in the same time in which A®© travels along the
distance XO© the extremity of the radius BA has described a greater
arc than BSQ in the greater circle. For the natural travel is equal, but
the unnatural is less; and BT is less than XZ: but one would expect
them to be in proportion, the two that is whose travel is natural, and
the two whose travel is unnatural. The point has actually traveled over
HB, which is greater than 2B. Now in the given time (i.e., that in
which AX moves to A©) AB must have traveled over the arc HB;
for that will be its position, when the proportion between the natural and
unnatural movements is true. If, then, the natural movement is greater in
the greater circle, the unnatural movement would at that point have the
same proportion only in the sense that the point B would travel along
the arc BH in the same time as the point X would travel along the arc
X©. For in that case the natural movement of the point B carries it
to H, but its unnatural movement to K. For HK is the perpendicular
dropped from H. Then HK is in the same ratio to KB, as ©Z is
to ZX. This will be obvious if B and X are joined respectively to H
and ©. But if the distance traveled by B is either greater or less than
HB, the result will not be the same, nor will the proportion between the
natural and unnatural movements be the same in the two circles.

There are several observations to be made regarding the geometric
demonstration given here. A first remark lies in the apparent change
of definition of natural motion and unnatural motion. In the preceding
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paragraphs, as we have already underlined, it was clear that a motion
of a material point was defined as natural when that point moves in
the direction tangent to the circumference; the radial direction, on the
other hand, is that according to which the point would move if it were
not displaced by tangential velocity.

This is clearly expressed in the preceding paragraphs, where, more-
over, as we have seen, the Principle of Inertia is stated and to the
concept of unnatural motion is added the connotation of causality that
deviates a body initially in (natural) uniform rectilinear motion. It is
indisputable that the preceding paragraphs contain this concept, which
instead is usually attributed to Middle Age or Renaissance sources.

Here, however, it appears that the example given relates to a
different problem. Proving that the point moving on the circle of larger
radius is faster than the point moving on the circle of smaller radius
is very simple. In fact, this is stated and demonstrated graphically in
the first paragraph, where the arclengths X© and BH are compared.
Furthermore, it is pointed out that if the two points were moving at
the same speed, then they would have to travel the same arclength in
the same time, hence X© for the smaller circle and BS for the larger
one. Obviously, if one imagines that the two points are constrained to
travel equal angular amplitudes (and this, in fact, is what happens for
all points on the arms of a balance or lever) then it will be the case that
the one farthest from the center must move faster.

However, we must note that in this paragraph the directions “ac-
cording to nature” and “against nature” no longer seem to be the
tangent and radial directions, but the horizontal and the vertical. This
can only correspond to the same definition as in the previous para-
graphs if we refer to the radius oriented along the vertical, identified by
the segment AB for the great circle and AX for the small one. And, in
fact, the discussion that is made starts by considering the radius initially
in the vertical position.

But when considering the current configuration, in which the radius
has moved from AB to AH (in the small circumference from AX a
"A®), certainly the global displacement is not reconstructed according
to tangential and radial components, but in the global reference system,
with vertical and horizontal components. This would still be acceptable
if infinitesimal displacements were considered, for which it would be
licit to confuse reference and current configuration and, therefore, the
tangential component would correspond to a horizontal component and
the radial component to a vertical one.

We can, therefore, formulate two hypotheses:

i. actually, the author of the MP wants to study the problem in small
displacements, but the drawing is made by magnifying the quan-
tities in order to make the quantities distinguishable and to show
how comparable these quantities are to each other (we stress that
also in any contemporary book on Continuum Mechanics, the
drawings are made out of scale, so that the infinitesimal quantities
seem finite);

ii. the drawing and its demonstration refer to a collateral problem
to that analyzed so far: the decomposition of a uniform circular
motion into two simple harmonic motions orthogonal to each
other.

If the first hypothesis seems not realistic, we invite the reader to the
interesting comparison with the first pages of Isaac Newton’s Principia.
Book I “Of the motion of the bodies” begins with a section that concerns
exactly what has been done here with regard to Fig. 1. It considers
a repetition of the parallelogram method for the description of a
curved trajectory. As we have already discussed in the previous pages,
the author of MP argues that if the ratios between the vertical and
horizontal components for successive displacements remain constant,
then the resulting motion will be uniformly rectilinear (uniformity is
ensured by the constancy of the time intervals). The author of MP
further argues that when these ratios are no longer constant, then
curved motion will result. If we reinterpret, therefore, the paragraph
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Fig. 5. Figure included in the first Section (Lemma II et seq.) of the first book of
Newton’s Principia to explain the parallelogram method for the description of a curved
trajectory.

concerning Fig. 1 by comparing it with that concerning Fig. 5 and
with the first Section (Lemma II et seq.) of the first book of Newton’s
Principia, we find the impressive result that the author of the MP
introduced in his own fashion a kind of infinitesimal calculus, where
the ratio between the components is nothing other than the derivative
of the “function” that realizes the curve: if this ratio turns out to be
constant (constant derivative), then the function will be a straight line;
if this ratio is not constant, then we will have a curve.

We could be accused to have “a modernistic view” of the content
of MP, so that we believe to read something that was not in the
intention of its authors. Albeit we can base our analysis only on pure
logical ground, we instead believe that the corruption introduced by
the copyists and subsequent extensors is the cause of the unclarity of
the text. Indeed, it is very unlikely that somebody: (i) misunderstanding
the nature of a demonstration, (ii) who believes to have demonstrated
something which is not even dealt with in the demonstration, could
have managed to state in such a precise way some statements of
“modern” mechanics.

We should not be too impressed, then, by the hypothesis that the
drawing in Fig. 4 realizes an off-scale version of a situation in which
displacements are infinitesimal. In that case, then, there would be no
difference between the definitions of motion according to nature and
against nature given so far and those in this last paragraph.

If, on the other hand, we wish to consider the drawing as being to
scale, actually representing two positions of material points obtained
from each other by means of a finite displacement, then we must
necessarily imagine that the first MP problem represents a very narrow
compendium of an extremely broader treatment of central motions in
statics and dynamics.

We would like to emphasize, once again, that the style of the MP
appears, on a careful reading, to be that of a series of notes rather than
of an actual scientific treatise. Of course, this consideration refers not so
much to philological and historical parameters (people more qualified
in this respect have analyzed this, such as Jean De Groot [76]), but
to the logic of the scientific treatment that is presented. Very well-
structured works in the scientific field with extreme rigor in terms of
method belong to the same period. It therefore seems implausible that
the Mechanica Problemata were a complete work: rather, they are the
notes of a not so skilled disciple.

Specifically, it is known that Archytas of Tarentum wrote in Doric,
Tarentum being a colony of Sparta. The Mechanica Problemata, on the
other hand, are written in Attic and, therefore, its attribution made
by T. Winter to Archytas seems weak on linguistic grounds. In any
case, Winter’s deductive reasoning that by exclusion and expediency
attributes the MP to Archytas is very convincing. It is, therefore,
possible that the MP are the result of a scientific tradition originating
with Archytas and reaching the Peripatetic scholars at some point. It is
no coincidence, in fact, that this work was transmitted in the corpus of
Aristotle’s works and is still sometimes attributed to Aristotle himself.
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From what has already been said the reason why the point more distant
from the center travels more quickly than the nearer point, though
impelled by the same force, and why the greater radius describes the
greater arc, is quite obvious.

Here we intend to state an aspect that the author of the MP gives for
certain and that in this first problem is taken as a kind of background:
we are dealing with a motion in a field of central forces where the
only reason why the material point does not collapse into the center of
gravity is that it is endowed with an initial velocity in the direction
orthogonal to the radial direction. This velocity is the origin of a
centrifugal force that opposes the force of attraction towards the center
and produces a kind of equilibrium. Whether this is indeed the author’s
intention is demonstrated by the fact that, depending on the context, he
speaks of a repulsion in the radial direction (corresponding, therefore,
to the centrifugal force) and a center of attraction, which, on the other
hand, is the origin of the force that attracts the material point towards
the center.

Why also greater balances are more accurate than smaller ones, is clear
from these considerations. The cord which suspends the balance is the
center (for it is a fixed point), and the parts on either side of the balance
scale are the radii from the center. Now the extremity of the balance
scale must move at a greater rate under the influence of the same weight,
in as much as it is further from the cord, and consequently in small
balances some quantities must make no impression on the senses, but
in large balances the movement must be obvious; for there is nothing
to prevent a quantity from moving too little for it to be observed by
the senses. But in a large balance the same weight makes the movement
visible. Some movements are obvious in both cases, but are much more
obvious in larger balances, because then the extent of the swing is much
greater for the same weight. This is how sellers of purple arrange their
weighing machines to deceive, by putting the cord out of the true center,
and pouring lead into one arm of the balance, or by employing wood
for the side to which they want it to incline taken from the root or from
where there is a knot. For the part of the tree in which the root lies is
heavier, and a knot is in a sense a root.

Most likely the source of MP was a sophisticated scientific text in
which, together with the theory, relevant conceptual problems relative
to experimentation were fully discussed. In particular, this source was
considering the problem of sensitivity of measurements and was care-
fully describing so-called sensitivity errors. Moreover, the typical Greek
scientific attitude towards applications is exhibited when considering
the applications of all theoretical concepts discussed to describe how
frauds in balances are conceived.

2.2. Problem 2 and the study of stable equilibrium

Problem 2 proposes to study another aspect of lever equilibrium
(or of a beam supported at a point in general). It is possible to find
equilibrium conditions for a beam with a fixed point (for simplicity,
the geometric center, assuming that the section is homogeneous and
the material is isotropic). It should be noted, however, that depending
on how the equilibrium is obtained, it may be, in modern terms, stable
or unstable. The text of the problem offers a very simple case: given the
same equilibrium conditions, a beam resting on a fulcrum will be in un-
stable equilibrium (see Fig. 7), while a suspended beam will be in stable
equilibrium (see Fig. 6). We have in modern times the Ljapunov criteria
to quantitatively characterize these phenomenological observations.

The explanation given in this discussion of the difference between
stable and unstable equilibrium clearly involves the concept of the
extremal value of the potential energy, and in this sense is surprisingly
similar to Ljapunov’s modern treatment. In fact, one considers the part
of the beam that is above the perpendicular in a configuration in which
the beam has been tilted by a certain angle: this consists in studying the
monotony of the potential energy, the minimum of which is found in
the equilibrium position.
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Fig. 6. The figure explaining equilibrium of a suspended beam in the manuscript of
MP transmitted to us.
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Fig. 7. The figure explaining equilibrium of a beam resting on a fulcrum in the
manuscript of MP transmitted to us.

If the cord supporting a balance is fixed from above, when after the beam
has inclined the weight is removed, the balance returns to its original
position. If, however, it is supported from below, then it does not return
to its original position. Why is this? It is because, when the support is
from above (when the weight is applied) the larger portion of the beam
is above the perpendicular. For the cord is the perpendicular. So that the
greater weight must swing downwards until the line dividing the beam
coincides with the perpendicular, because the greater weight now lies in
the raised part of the beam. Let the beam be a straight one represented
by BT, and the cord be AA.

When this is driven downwards the perpendicular will be represented
by AADM, if the weight is attached in the direction of B. The face B
will then adopt the position E, and the face T that of Z, so that the
line bisecting the beam at first was in the position of the perpendicular
AM, but when the weight was attached took up the position A®.
Consequently that part of the beam in its position EZ which is outside
the perpendicular AM will exceed half the beam by ©P. If, then, the
weight is removed from the arm E, the arm Z must be depressed, for
the arm E is the smaller. If, then, the cord is attached from above, the
balance returns again to its original position. If, however, the support is
from below, the opposite results; for now the portion of the beam which is
lower than the perpendicular dividing it is more than half; consequently
it does not return to its place; for the part rising above is lighter. Let the
straight beam be represented by NZ, the perpendicular being KAM,
and this bisects NZ=.

When the weight is attached to arm N, N will take up the position O
and = will take up the position P, while KA will go to ©A, so that
KO is greater than AP by ©OKA. Now when the weight is removed
the beam must keep its new position; for the excess over half the beam
beyond K acts as a weight and depresses the beam.
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2.3. Similarities with Dirichlet-Lyapunov criteria

Problem 2 involves reasoning that, in some way, we recognize as
extremely modern. Indeed, it fundamentally concerns the stability of
a physical system. Two possibilities are considered: the same physical
system is constrained in different ways, resulting in a stable equilibrium
state in one case and an unstable one in the other. What fundamentally
changes is well explicated in the problem text: it is the amount of matter
that, in the current configuration, is above the horizontal line passing
through the point where the beam is constrained.

It is clear that the extensors of the MP had a good understand-
ing of two fundamental concepts of what we now define as modern
mechanics, even though they did not have the suitable terminology
for a systematic treatment: (i) the concept of gravitational potential
energy and the fact that it is related to the mass of the body, as well
as its elevation; (ii) the idea that a stable equilibrium corresponds
to a minimum point of potential energy. However, the clarity of the
argument shows that the source of the MP was much more precise and
rigorous.

The extensors of MP do not explicitly mention potential energy or
mass, but unequivocally express the fact that the difference between the
two equilibria, one unstable (the beam supported on the fulcrum), the
other stable (the beam hanging from the wire), is discriminated by the
amount of matter above the horizontal line in the current configuration.

In terms more familiar to us, in the case of stable equilibrium,
the current configuration’s potential energy is greater than that of
the initial configuration, which is thus minimal; in the other case,
the current configuration has less potential energy than the initial
configuration, and the equilibrium is therefore unstable.

This, in much more mathematical terms, was rationalized by
Dirichlet-Lyapunov in the 19th century. We believe that the essence
of the discussion remains the same.

Lyapunov’s treatise [77], The General Problem of the Stability of
Motion, published in 1892, addresses the stability of solutions to differ-
ential equations, providing rigorous methods to determine the behavior
of dynamic systems in the vicinity of equilibrium points. His primary
contributions include the formulation of Lyapunov’s direct method and
the second (indirect) method, both of which offer ways to ascertain
stability without solving the differential equations explicitly.

It is emphasized that even in the case of Problem 2, the determi-
nation of equilibrium is achieved without solving equations, but by
making energetic considerations. The languages used are extremely
(and obviously) different, but the result is the same.

2.4. Suggestive similarities between Hellenistic and modern stability analy-
ses

Our interpretation of the MP Second Problem cannot be considered
too daring. In fact, in the works of Archimedes [78] it is well attested
that these stability analyses were common in Hellenistic mechanics.
Therefore, the strong similarities between the analysis of the stability of
the lever and the modern direct Lyapunov method are not a modernistic
interpretation of the presented text. For underlining these similarities,
we report here the main ideas of the direct Lyapunov method.

The direct Lyapunov method involves constructing a Lyapunov
function V(x), a scalar function analogous to the concept of energy
in physical systems. This function must satisfy certain conditions to
demonstrate stability:

1. Positive Definite: V(x) > 0 for all x # 0 and V(0) = 0. This
implies that the function is positive for all states except at the
equilibrium point, where it is zero.

2. Negative Definite Derivative: The time derivative of V(x)
along the trajectories of the system, denoted as V(x), must be
negative definite, i.e., V(x) < 0 for all x # 0. This condition en-
sures that V' (x) decreases over time, indicating that the system’s
trajectories are moving towards the equilibrium point.
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Fig. 8. The figure explaining the Principle of Virtual Work in the manuscript of MP
transmitted to us.
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If these conditions are met, the equilibrium point is said to be
asymptotically stable, meaning that the system will return to equilib-
rium after small perturbations.

It has however to be remarked that in Greek texts no explicit refer-
ence to stability of motion is found. Instead, the stable configuration is
perturbed with what will be later called virtual displacements. This point
has been dealt in greater detail in Section 1.9.

2.5. Problem 3: early form of the Principle of Virtual Work

Problem 3 applies the concepts mentioned in Problem 1 to a prac-
tical case: consider two weights placed on the two arms of a lever, the
fulcrum of which is not placed in a median position between the two
extremes.

Why is it that small forces can move great weights by means of a lever,
as was said at the beginning of the treatise, seeing that one naturally
adds the weight of the lever? For surely the smaller weight is easier to
move, and it is smaller without the lever. Is the lever the reason, being
equivalent to a beam with its cord attached below, and divided into two
equal parts?

The problem the author poses is fundamentally the following: it is
clear that a small force is needed to move a small weight compared
to the force needed to move a large weight; why, on the other hand,
can a large weight also be moved by means of a small force if a lever
is introduced? This “baroque” manner of expression does not detract
from the importance of the question asked.

For the fulcrum acts as the attached cord: for both these remain station-
ary, and act as a center. But since under the impulse of the same weight
the greater radius from the center moves the more rapidly, and there are
three elements in the lever, the fulcrum, that is the cord or center, and
the two weights, the one which causes the movement, and the one that
is moved; now the ratio of the weight moved to the weight moving it is
the inverse ratio of the distances from the center. Now the greater the
distance from the fulcrum, the more easily it will move.

The concepts already discussed in Problem 1 are briefly recalled
here: clearly the advantage of using the lever is due to the distance of
the weight from the fulcrum. This concept is expressed by considering
that there is no equilibrium and that therefore one of the two weights,
the one placed at a greater distance from the fulcrum, is responsible for
the movement (see Fig. 8). But it is evident that this consideration can
easily be used in the circumstance where one wants instead to study
the equilibrium of the system: this is what Jordanus will do more than
a millennium later, clearly drawing on the text of this problem.

The reason has been given before that the point further from the center
describes the greater circle, so that by the use of the same force, when the
motive force is farther from the lever, it will cause a greater movement.
Let AB be the bar, T' be the weight, and A the moving force, E the
fulcrum; and let H be the point to which the moving force travels and
K the point to which T' the weight moved travels.
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The reason why the case of non-equilibrium is considered in this
problem is immediately understandable when reading the text of the
problem carefully. Although Fig. 8 uses A and I' to denote two
identical objects (and thus ascribable to two weights placed on the ends
of the lever), the text calls I' the weight moved by the lever and A
the force used to set the system in motion. This can be interpreted as
the MP attempt to provide theoretical notions and practical concepts at
the same time.

3. Jordanus de Nemore and the reconstruction of the Principle of
Virtual Work from Problem 3

Archimedes’ influence during the Middle Ages is well known and
widely acknowledged. However, while his approach to mechanical
problems, in his works which were transmitted to us, was framed in
terms of axiomatic principles concerning forces, similar to those found
in Euclid’s Elements, the Mechanica Problemata offers a contrasting
methodology. MP is rooted in the concept of virtual velocity and relies
fundamentally on the Principle of Virtual Velocities.® Some modern
scholars argue that basing mechanics on forces is more abstract than
using virtual work. Yet, it is not clear why changing the foundational
postulates would produce a superior theory, especially if it is believed
that both systems are meant to be logically equivalent.®

To better understand this distinction, it is worth contrasting the
axiomatic approach’ with the method grounded in the Principle of
Virtual Work. Both Archimedes and the MP dedicate significant at-
tention to the mechanics of levers, a focus that makes sense given
their engineering relevance. However, the reasoning behind the two
approaches differs substantially. The MP implicitly applies the Principle
of Virtual Work, whereas Archimedes’ framework builds on explicit
equilibrium conditions.®

In Archimedean mechanics, one essentially takes a “snapshot” of the
system, such as the lever in Problem 3, estimating the weights, their
distances from the pivot point, and the associated angles at a specific
moment. This leads to an ad hoc formulation of what we would now call
a moment balance. In contrast, the Virtual Work approach requires a
mental jump: it demands imagining small, hypothetical displacements
or velocities starting from the current configuration. Essentially it
consists in introducing virtual motion: Clagett, in his seminal studies,
highlighted this conceptual difference.

In modern continuum mechanics, it is well established that one
can derive balance laws from the Principle of Virtual Work [79-81].
However, these same balance laws cannot be directly postulated with-
out first identifying the correct physical quantities to be balanced.

5 Albeit differently believed by some authors, the Principle of Virtual
Velocities is exactly the same as the Principle of Virtual Work: there was
simply a name change which occurred after Lagrange. The term “virtual
velocities” (in latin: velocitates virtuales) was used by Johann Bernoulli (1717)
in correspondence with Pierre Varignon. Lagrange (1788) used vitesses virtuelles
in his Méchanique Analytique, while Jean-Baptiste Fourier (1798) in his Mémoire
sur la Statique, unpublished but cited by later works, introduced the expression
“travail virtuel”, followed by Louis Poinsot (1806) in his Eléments de Statique.

¢ Trusdellians always claim that the PVW can be proven as a theorem
in the framework of their postulation: therefore, they believe that the two
postulations are equivalent and claim (sic!) that the one based on forces is
more physically understandable. However, as we discuss in the Introduction
and in the Conclusion, the PVW seems to have a much wider scope, as it
allows for formulating models where more balance laws than those of force
and moment of force are needed.

7 This approach is called “geometric” by Clagett [69]. Here Clagett refers
to the meaning of the word “geometric”, as used in Hellenistic Science: its
appropriate translation would be “axiomatic” or “mathematical”.

8 We explicitly remark here that the equilibrium conditions used by
Archimedes [10] reduce to some geometrical conditions: the reader is warned
about the ambiguity which may arise with the nomenclature of Clagett, who
unfortunately calls “geometrical” alternative approach based on the PVW.
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Thus, the Principle of Virtual Work is arguably more foundational or
“primitive” from a logical standpoint. The presence of this principle in
Hellenistic texts like the MP reinforces its significance and legitimacy:
when inventing new models, it is probably most suitable to base them
on the PVW also if one considers that Mechanics was invented at first
in this way [82].

It is suggestive, albeit completely conjectural, to imagine that Jor-
danus de Nemore did work to the rediscovery of the PVW while being
at the court of Frederick II Hohenstaufen. As Marshall Clagett notes [69,
pp. 64-65], the mathematical sophistication of Jordanus’ De ratione
ponderis aligns with the intellectual atmosphere fostered by Frederick
II, particularly in the court’s exposure to Arabic and Greek scientific
traditions through active translation efforts. Clagett cautiously posits
the possibility of Jordanus’ association with this milieu, emphasizing the
emperor’s documented interest in mechanics and Arabic science [69,
pp. 71-72]. Paul Lawrence Rose [83, pp. 32-33] adds that while
no direct biographical link exists, the mathematical culture of the
period reflects a broader pattern of cross-cultural fertilization that
may have shaped Jordanus’ algebraic work, such as De numeris datis.
While the evidence remains circumstantial, the convergence of Arabic,
Greek, and Latin traditions at Frederick’s court renders the hypothesis
intellectually compelling, even if historically unconfirmed.

We conclude by remarking [69] that very few biographical infor-
mation about Jordanus are available in the literature: to the point
where some authors even believe that Jordanus de Nemore, Jordanus
Nemorarius and Jornanus of Nemi could be three different persons.
Our malicious consideration is that, as Tartaglia was “elaborating”
his works, it could be that Tartaglia voluntarily erased the available
information about him.

3.1. Problem 3 as a reference for Jordanus de Nemore

As previously discussed, the MP laid the groundwork for much of
the mechanical thinking that followed in the centuries often labeled the
Dark Ages. Far from being intellectually barren, this period helped to
prepare the way for the Renaissance. In particular, the work of Jordanus
de Nemore (also called Nemorarius or di Nemi) reveals a strong link
to ideas found in the MP. According to Clagett, Jordanus inherited
and elaborated upon the Hellenistic mechanical tradition, merging
pseudo-Aristotelian (i.e. the theory contained in MP) dynamics with the
mathematical statics of Archimedes.

Numerous works are attributed to Jordanus. Clagett highlights a
few, but it is worth noting that a popular version of his work, the
Opusculum de ponderositate, was edited by Niccolo Tartaglia and printed
in Venice in 1565 by Curzio Troiano. Unfortunately, this edition is
riddled with mistakes. Tartaglia even claimed in the preface to have
“corrected and enhanced” the text with new figures. Ironically, these
illustrations often contradict the actual content, revealing Tartaglia’s
overconfidence and limited understanding.’

Clagett and Moody [69] identify three main works attributed to Jor-
danus: Elementa Jordani super demonstrationem ponderum, Liber Jordani
de ponderibus, and Liber Jordani de ratione ponderis. Although all three
address similar topics, they do so in slightly varied ways. Of these, the
De ratione ponderis seems most closely aligned with the MP, especially
in its treatment of levers as described in Problem 3. Clagett provides an
English translation of Jordanus’ text of Quaestio Sexta in the De ratione
ponderis, which reads:

If the arms of a balance are proportional to the weights suspended, in
such manner that the heavier weight is suspended from the shorter arm,
the weights will have equal positional gravity. Let the balance beam be

9 It may be possible that the mistakes were introduced by Tartaglia, who,
as underlined also by Heiberg, managed to mess also the works of Archimedes
and Euclid [84].
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ACB, as before, and the suspended weights a and b; and let the ratio of b
to a be as the ratio of AC to BC. I say that the balance will not move in
either direction. For let it be supposed that it descends on the side of B;
and let the line DCE be drawn obliquely to the position of ACB. If then
the weight d, equal to a, and the weight e equal to b, are suspended, and
if the line DG is drawn vertically downward and the line EH vertically
upward, it is evident that the triangles DCG and ECH are similar, so that
the proportion of DC to CE is the same as that of DG to EH. But DC is
to CE as b is to a; therefore DG is to EH as b is to a. Then suppose CL
to be equal to CB and to CE, and let I be equal in weight to b; and draw
the perpendicular LM. Since then LM and EH are shown to be equal,
DG will be to LM as b is to a, and as | is to a. But, as has been shown,
a and I are inversely proportional to their contrary (upward) motions.
Therefore, what suffices to lift a to D, will suffice to lift | through the
distance LM. Since therefore | and b are equal, and LC is equal to CB,
1 is not lifted by b; and consequently a will not be lifted by b, which is
what is to be proved.

This passage clearly demonstrates that Jordanus sought to revive
the insights found in the MP source materials. His more refined argu-
ments,'’ compared with the MP, imply that he had access to sources
beyond the MP itself. Clagett questions whether Jordanus actually read
the MP, and it seems more likely that Jordanus drew from other,
related texts. These may well have belonged to the same tradition
referenced by Vitruvius, possibly originating from the now-lost writings
of Archytas.

3.2. A conjectural reconstruction of the first form of the Principle of Virtual
Work

As we have frequently remarked along this work, the Mechanica
Problemata, particularly in its Problem 3, offers a valuable yet implicit
foundation upon which one might reconstruct an early conceptual form
of the Principle of Virtual Work. Although this ancient text lacks an
axiomatic formulation and does not explicitly articulate the PVW in
Archimedean terms, its structure and logical intent suggest an underly-
ing variational reasoning. When placed in dialogue with the later and
more mathematically developed works of Jordanus de Nemore, a path
emerges towards deducing a plausible conjecture for the primitive, lost,
Hellenistic form of the Principle.

Problem 3 addresses the equilibrium of a lever, describing config-
urations in which weights suspended at unequal distances from the
fulcrum produce balance. Rather than employing an explicit law of
moments, the argumentation is geometric and relies on proportions
derived from virtual displacements. The key idea is that if a system
is in equilibrium, then an infinitesimal displacement (conceived either
physically or conceptually) would result in no net work done by the
system’s forces. This reasoning remains embedded in geometric lan-
guage and devoid of higher abstraction: however, it mirrors the logic
that underpins the PVW.

Jordanus de Nemore, writing in the 13th century, offers a more
explicit and structured analysis of this topic. In his De ratione ponderis,
he advances arguments that bear a clear resemblance to those found in
MP, albeit presented with greater detail. Crucially, Jordanus introduces
reasoning based on linearized displacements, explicitly considering
the relative movement of suspended weights. He does so by framing
hypothetical shifts from the reference configuration, and examining the
implications for equilibrium. These are recognizably virtual displace-
ments, and the corresponding evaluations of mechanical action strongly
resemble what would, centuries later, be named as virtual work.

Taken together, these two bodies of work form the basis for a
conjectural reconstruction of the PVW in its earliest form. While neither

10 A careful reading of the just quoted passage and its comparison with the
text of Problem 3 in MP clearly proves that Jordanus delineates in greater
detail the formulation of the PVW.
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source articulates the principle in the precise variational language of
d’Alembert or Lagrange, both evince a form of reasoning in which bal-
ance arises from the cancellation of opposing effects through imagined,
infinitesimal displacements.

Hence, one may reasonably conjecture that the ancient compilers
of MP, though lacking the analytical tools of mechanics, possessed an
intuitive and operational grasp of what we now term virtual work.
Their formulations, which arrived to us as fragmentary and indirect,
underpins the principle’s essential logic.

It is now possible to conjecture two alternative flows of scientific
ideas transmission. The first flow would have been originated from a
lost axiomatic text, due to Archytas of Tarentum and/or his school,
with epigones deteriorating the original message by focusing on the
application of theory: this alternative will be explored in future inves-
tigations. The second flow could be originated by not-so-formal original
text, which, after some elaboration, produced more mathematically
rigorous text, which are lost and where a precise formulation of the
PVW was presented. The PVW, in this second view, did not originate as
a formal axiom but rather as a heuristic insight grounded in observation
and geometric reasoning, gradually acquiring its abstract and universal
form through centuries of mathematical refinement.

Both these conjectures, which will be explored by means of both
textual exegesis and structural comparison, suggest that the PVW is
deeply rooted in classical mechanical thought: its origins are not a
product of modern invention, but a rediscovery and formalization of
ancient insight.

3.2.1. The lever system

Consider a rigid, massless beam resting on a fulcrum, with two
masses suspended at different points (see Fig. 9). Let us denote these
points as A and B, with the fulcrum located at E. The distances from
A and B to the fulcrum are d, = |F4| = AE and dy = |F3| = EB
respectively. Let weights W, and W be suspended at A and B.

3.2.2. Static equilibrium: Moment balance

In modern statics, equilibrium is often addressed by requiring the
net moment about the fulcrum to vanish. Using counter-clockwise
moments as positive, the balance condition reads:
Wy XTy+WyxTp=0 1)
This expresses the condition that the sum of moments due to each force
with respect to the fulcrum is zero. It provides a direct, algebraic tool
to solve for unknown weights or distances when some are given.

3.2.3. Virtual work approach

The Principle of Virtual Work provides an alternative and more
general framework. Instead of balancing moments, we consider in-
finitesimal virtual displacements of the system and require that the total
virtual work done by the forces be zero if the system is in equilibrium.
Let us apply a small virtual rotation 9 to the beam about point E. Under
this rotation:

Vertical displacement of A : Ay, = —AE - 9

Vertical displacement of B : Ay, = EB -9

Here, we use the approximation sin(d) ~ 9 valid for infinitesimally small
angles. The virtual work done by each force is the product of the force

and its displacement. Summing the contributions of both weights, we
write:

Lror =Wy - (—AE -9+ Wy -(EB-9) ®)

=—Wyd, -8+ Wgdg -9 3)

For equilibrium, we require that Loy = 0. Factoring out the
arbitrary but non-zero 9, we are left with:

~Wyd,+Wpdg =0 4
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Fig. 9. Equilibrium of lever system as addressed in Mechanica Problemata (left) and in modern texts (right).

which is equivalent to the condition of moment balance.

The above derivation illustrates a key insight: the Principle of
Virtual Work implies the required balance conditions. Gabrio Piola in
his fundamental works [85,86] has proven the following general result

Piola’s Theorem: when considering as virtual displacements the rigid
body motions then the PVW implies the balance of forces and the balance
of moments of forces.

For this reason in Italian and French literature [11] sometimes the
balance of forces is called “Equilibrium under translation” and the
balance of moments of forces “Equilibrium under rotation”.

However, the reverse of Piola’s Theorem is not generally true:
in [87,88] it is proven that balance of forces and balance of moment
forces are not sufficient to characterize equilibrium configurations for
generalized continua.

Moreover, the PVW highlights the importance of configurations
and virtual displacements, offering a conceptual richness not present
in the purely algebraic moment method. In historical context, this
shows that the advanced reasoning embedded in ancient treatises like
the Mechanica Problemata implicitly include variational principles: as
indicated by the content of Problem 2.

4. Conclusion

The close examination of the first three problems of the Mechanica
Problemata, conducted with attention to both the philological nuances
and the underlying mechanical logic, has brought to light compelling
evidence that the conceptual foundation of the Principle of Virtual
Work was not a modern invention ex nihilo, but rather a rediscovery
and refinement of insights already present in Hellenistic science and
transmitted to us in a fragmented form.

Our analysis has shown that the MP, though traditionally viewed
as a compilation of mechanical curiosities or an ancillary Aristotelian
text, in fact reflects the existence of a surprisingly advanced body
of mechanical reasoning. In Problem 1, the distinction between in-
finitesimal and zero displacement, the understanding of sensitivity in
measuring instruments, and the clear articulation of average velocity
reveal a sophisticated grasp of concepts that are epistemologically
central to modern kinematics. Problem 2 reflects not only an early
knowledge of stability theory, expressed in terms remarkably akin to
the Dirichlet-Lyapunov criteria, but also introduces energetic reasoning
about equilibrium without relying on any formal calculus. Moreover,
the same existence of Problem 2, and its use of energy minimization
principle, in the same text where the PVW is formulated indicates that
the sources of MP had established the relationship between these two
principles.
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The Problem 3 is the focal point of our study, and allows for the
reconstruction of the pristine form of the PVW: in future investigations
we believe to be able to prove that Lagrange formulated the Principle
of Virtual Velocities by completing such a reconstruction.

From these elements emerges a picture of Hellenistic science that
is far removed from the caricature of Greek thought as purely contem-
plative and disengaged from empirical inquiry. On the contrary, what
we find is a mechanical theory that is geometrical rather than alge-
braic, variational rather than balance-based, and rooted in axiomatic
formalism. This theory exhibits a capacity to reason from dynamic
intuition (e.g. virtual velocities, conceptual displacements, and force-
distance relationships) based on geometrical concepts differently from
what done in modern literature, where the algebraic tools and calculus
formulations developed only in the early modern period are used. We
explicitly remark here that both Jordanus de Nemore and Lagrange
presented their version of the PVW in a form which is intermediate
between the geometrical one found in MP and the algebraic one found
for instance in Piola.

An important consequence regarding history of science of our work
is the possibility of re-evaluating the genealogical continuity between
ancient and modern science. It is no longer plausible to claim that the
PVW, as formulated by Lagrange and d’Alembert, emerged ex abrupto
from Enlightenment rationalism. Instead, we have shown that it is the
culmination of a process of recovery, rearticulation, and algebraiza-
tion of ideas already present in antiquity. The transmission of this
knowledge, fragmentary and indirect, occurred via medieval authors
such as Jordanus de Nemore, who reformulated Hellenistic insights into
Latin scholastic terminology, likely drawing not only from Archimedean
sources but also from the intellectual heritage embodied in the MP.
Jordanus’ use of proportional reasoning between displacements and
forces mirrors almost exactly the argument in Problem 3, albeit in a
more systematic and numerically structured way. His works represent
a transitional phase in which the variational reasoning of ancient
science is reinterpreted through the framework of pre-Renaissance
mathematics.

This reinterpretation is not merely a philological curiosity but re-
veals an important methodological divide: between a science based on
balance laws (as in Archimedean statics), and a science based on princi-
ples of virtual displacement and hypothetical motion (as in the MP and
later in Lagrangian mechanics). The former takes equilibrium as a static
postulate, calculable through finite geometry; the latter presupposes
the potential for motion, evaluates the effects of infinitesimal virtual
displacements, and locates equilibrium in the vanishing of total work.
Simple linear algebra reasoning can easily prove the equivalence of
the mathematical equations for equilibrium found in both approaches:
however, we believe that the heuristic capacity of the PVW is superior.
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It is no accident that Newton, despite his access to calculus and
analytic geometry, chose in the Principia to return to the synthetic,
geometric method: a method resonant with the Hellenistic tradition
that likely “inspired” him. The MP, with its recursive geometrical
reasoning, appears in several passages, which seem to anticipate New-
tonian constructions. We suggest, provocatively but with grounding,
that Newton may have drawn, either directly or indirectly, on such texts
in forming his mechanical worldview.

Furthermore, our work also highlights the severe limitations of prior
translations and interpretations of the Mechanica Problemata, many of
which have been carried out by scholars of impeccable philological
training but without adequate mechanical knowledge. These transla-
tions often obscure the conceptual clarity of the original by introducing
vague or misleading terms, thus masking the physical depth of the text.
Only a multidisciplinary approach, combining historical linguistics,
mathematical physics, and the epistemology of science, can hope to
recover the full significance of these texts: we have read and sometimes
proposed modifications of the available translations. Such an approach
reveals the MP not as a marginal work of speculative mechanics, but
as a fragment of a lost theoretical system, perhaps originating from
figures like Archytas of Tarentum or Strato of Lampsacus, whose insights
prefigure key elements of the scientific revolution.

Finally, from an epistemological perspective, this study suggests
a fundamental revision of how we conceptualize the history of sci-
entific principles. The PVW is often presented in modern textbooks
as a refined product of analytical mechanics, grounded in abstract
calculus and differential formalism. Our analysis shows that, in fact, its
conceptual core (the use of hypothetical, infinitesimal displacements
to evaluate equilibrium) predates the calculus and survives through
centuries in geometric, linguistic, and diagrammatic forms. It is not an
abstract product of Enlightenment rationalism, but a deeply rooted sci-
entific formalism that evolved in the workshops of Greek mechanicians,
was preserved and transmitted in medieval treatises, and was finally
formalized in modern notation.

Thus, what appears in Lagrange’s Mécanique Analytique as the PVW
is not a historical beginning, but a conclusion: the codification of a
tradition whose origins stretch back more than two millennia. Our
hope is that this work contributes not only to the reevaluation of a
single mechanical principle but also to a broader reassessment of the
continuity, depth, and complexity of ancient science.

This historical reassessment of the Principle of Virtual Work finds
further confirmation in the expanding domain of contemporary me-
chanics, where variational methods must serve as the cornerstone of
increasingly complex and microstructured models. Recent studies have
explored the role of virtual power principles in problems involving
imperfect interfaces and interfacial sliding. These themes are echoed
in the analysis of dynamic properties and size effects in lattice materi-
als [89]. In each case, variational formulations grounded in the PVW
offer a powerful framework for capturing discontinuities, micro-inertia,
and generalized boundary effects.

Metamaterials represent another fertile arena where generalized
continuum theories flourish. These include studies on wave disper-
sion in nonlinear pantographic beams [90], one-dimensional second
gradient continua [91], and hemivariational formulations for granu-
lar materials with evolving anisotropy [92]. The computational iden-
tification of material parameters in additively manufactured meta-
materials [93] and micromechanics-based damage models for strain
gradient solids [94] further highlight the centrality of variational rea-
soning. Comprehensive reviews on mechanical and acoustic metama-
terials [95,96], as well as on micromorphic continua derived from
granular microstructures [97], provide a theoretical backdrop for mod-
eling phenomena such as defect-induced material behavior [98], brittle
fracture [99], equilibrium in articulated beam networks [100], and
paradoxes in classical elasticity [101].

This methodological unification continues across a wide spectrum
of applications: from volumetric growth processes [102,103], to fluid
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diffusion-induced structural aging [104], from symmetry classifications
in piezoelectricity [105], to the probabilistic mechanics of multiscale
materials [106]. The use of PVW-inspired variational techniques is
evident in the experimental identification of strain gradient length
scales [107], the design and control of origami metamaterials [108,
109], frequency band-gap detection in microstructured media [110],
and benchmark solutions in topology optimization [111]. In each case,
the PVW does not merely offer an abstract theoretical formulation,
but acts as a generative principle, enabling the synthesis, analysis,
and refinement of material models, from generalized elasticity [112,
113] to dissipative systems [52], orthodontic biomechanics [114], dy-
namic plate theories [115], tensorial stress analysis [116], and complex
contact problems with wear [117]. In modern metamaterial design,
this variational legacy is embodied in the study of axial-transverse
loaded beams [118-121], Galerkin approximations for tetraskelion sys-
tems [122], all of which extend and enrich the historical trajectory of
the PVW, reaffirming its central role in the epistemology of mechanics.
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