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A Historical Perspective on 
Betti’s Theorem and Its 
Connection With the Potential 
Theory
In this article, a central result in the theory of linearized elasticity, namely, the reciprocity 
theorem, is outlined for a continuous solid body, performing the exegesis of the original 
formulation by Enrico Betti (1823–1892), comparing the proofs he provided with those 
permitted by modern approaches in continuum mechanics. For linear elastic structures 
under small displacements, rotations, and strains, legitimating the superposition of the 
structural responses under multiple loading systems, in the absence of volume forces 
Betti’s theorem allows one to deduce relations involving only loading and displacements 
over the boundary surface, without requiring the knowledge of the body’s elastic stiffness 
nor making reference explicitly to the distribution of strains and stresses (as it occurs for 
the conventional formulation of the virtual work). We discuss the auxiliary use of this 
theorem made by Betti in his works on continuum mechanics, inspired by the potential 
theory, in particular involving Green’s identities. The outlined theoretical strategies, 
resting on the rigorous deduction of analytical expressions, can nowadays represent a ref
erence for scholars prevalently devoted to repetitive numerical simulations, and an indis
pensable tool to investigate truly innovative material models. [DOI: 10.1115/1.4071778]
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1 Introduction
Enrico Betti (born in 1823, in Pistoia; died in 1892, in Soiana, 

close to Pisa, see Fig. 1) was an eminent Italian mathematician, 
who held high responsibility roles in several institutions, at an aca
demic, educational, and political level, and contributed significantly 
to the formation of a transnational scientific community [5]. He gave 
his lectures on various branches of mathematical sciences at the Uni
versity of Pisa, without interruption from 1857 to 1891 [4,6]. The 
Opera Omnia of Enrico Betti was edited by the Academia dei 
Lincei a few years after his death, and published in two volumes, 
see Refs. [1,7]. All his works (a few frontispieces are shown in 
Fig. 2), ranging from algebra, through analysis to mathematical 
physics, reveal an extraordinary capability of either attaining new 
results or specifying novel methods. Betti oriented his research inter
ests also under the influence of Bernhard Riemann (1826–1866), to 
whom he was bound by a sincere friendship, see Ref. [8]. The role of 
physics in his mathematical work became so important that Vito Vol
terra remarked: “Ceux qui ont connu Betti, non seulement par ses 
travaux, mais aussi par sa conversation, savent que s’il parlait Math
ématiques, bien souvent il pensait Physique” [9].

The potential theory represented, at that time, a topic of prominent 
importance, strictly related to the theory of partial differential 

equations. A harsh debate involved the scientific community about 
the validity of Dirichlet’s principle, stating that the solution of the 
Laplace (or Poisson) equation under Dirichlet boundary conditions 
(i.e., prescribing the value of the unknown function on the domain 
boundary) can always be provided by minimizing a suitable 
energy functional, see, e.g., Ref. [10]. Actually, the functional anal
ysis was not yet sufficiently developed, and it was necessary to attend 
the beginning of the new century to find a sufficient condition, pro
vided by David Hilbert through a direct method. In his writings on 
potential theory, mainly published in 1863–1864, Betti adopted a 
prudent attitude: whenever he could, he privileged the use of 
Green’s function for questions concerning potential functions. In 
this respect, Betti and Beltrami were confident that Green’s 
theorem could have played a key role in potential theory, and both 
tried to generalize it. Beltrami extended it to curved manifolds, 
while Betti used the Green’s function to face advanced problems 
in heat diffusion, elasticity, and sound propagation, see, e.g., 
Ref. [11].

2 Reciprocity Theorem
Betti’s theorem, also referred to as “reciprocity theorem,” is 

known as one of the theoretical results most fecund of applications 
in the modern mathematical theory of elasticity. It was developed 
in the second part of his career, during which his research was ori
ented toward the theory of potential and the problems of mathemat
ical physics in general, see also Ref. [12]. In the contribution 
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published in 1872, titled “Theory of elasticity” (Teoria dell’elasti
cità), see Ref. [7], he stated a relation between two sets of external 
loading acting on the surface of the same structure under the 
assumption of linearized elasticity (i.e., with displacements, rota
tions, and strains assumed to be small). The statement is outlined 
in Section VI of this publication, titled “General theorem about 
the deformations equilibrating forces acting exclusively on the sur
faces” (Teorema generale intorno alle deformazioni che fanno 
equilibrio a forze che agiscono soltanto alle superficie). Here is 
the formulation translated into English: “If within a homogeneous, 
elastic solid body, two systems of displacements specify the equi
librium configuration under two systems of forces acting on the 
surface, the sum of the products of the force components belonging 

to the first system by the displacement components of the same 
points due to the second system is equal to the sum of the products 
of the components of the forces of the second system by the displa
cement components of the same points due to the first system.”2

(a) (b) (c)

Fig. 1 Photographs and portraits of Enrico Betti: (a) extracted from Ref. [1], while (b) and (c) are extracted from the books [2,3]. 
For further documents, see also Ref. [4].

Fig. 2 Frontispiece of some publications of Enrico Betti

2“Se in un corpo solido elastico omogeneo, due sistemi di spostamenti fanno equi
librio a due sistemi di forze applicate alla superficie, la somma dei prodotti delle com
ponenti delle forze del primo sistema per le componenti degli spostamenti negli stessi 
punti del secondo è uguale alla somma dei prodotti delle componenti delle forze del 
secondo sistema per le componenti degli spostamenti nei medesimi punti del 
primo” ([7], page 321 et seq.).
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The formula written by Betti (using his own notation) is

􏽚

σ
L′v′′ +M′u′′ + N′w′′
( 􏼁

dσ =
􏽚

σ
L′′v′ +M′′u′ + N′′w′
( 􏼁

dσ (1) 

where σ denotes the outer boundary of the body, L′, M′, N′ indicate 
the components of the surface density of the external actions for the 
first system, and u′, v′, w′ indicate the corresponding displacement 
components, while L′′, M′′, N′′ and u′′, v′′, w′′ indicate the relevant 
entities of the second system. It is worth emphasizing that the 
vector and matrix formulation at that time was not yet fully devel
oped, and this poses some difficulty for the modern reader: the 
density of the external virtual work can be more easily expressed 
through the scalar product as f · δs = fi δsi.

3

Let us outline the proof by Betti, following the original notation 
and reasoning path. Let us consider a linear elastic and homoge
neous body occupying in the (reference) configuration the 
volume S ⊂ R3, with outer boundary denoted by the symbol σ
(≡ ∂S). We indicate by u′, v′, w′ and u′′, v′′, w′′ the components 
of the (virtual) displacement fields that balance the surface force 
densities with components L′, M′, N′ and L′′, M′′, N′′, respectively, 
applied separately on σ. Body forces are absent in both the systems, 
namely, by Betti’s notation, one has X′ = Y ′ = Z′ = X′′ = Y ′′ =
Z′′ = 0. Although Betti knew very well the virtual work principle 
by Lagrange,4 not always he utilized the symbols δu′, δv′, δw′ to 
denote the virtual displacements (e.g., see Ref. [7], Section III, 
page 306 et seq.), and mostly he assumes it implicitly. For the 
structure subjected to the first system of loading, the strain compo
nents (specified by the apex ′) are defined as follows:

∂u′

∂x
= a′,

∂v
∂y

= b′,
∂w′

∂z
= c′,

∂w′

∂y
+
∂v′

∂z
= 2f ′,

∂u′

∂z
+
∂w′

∂x
= 2g′,

∂u′

∂y
+
∂v′

∂x
= 2h′

(2) 

The potential energy density for a homogeneous body is a qua
dratic form of the above strain components: the general expression 
used by Betti is P′ =

􏽐
r

􏽐
s Arsa′ra

′
s (in Ref. [7], page 323, Eq. 

(6) et seq.). When the linearly elastic body turns out to be isotropic, 
the potential energy depends exclusively on the strain invariants of 

the first and second orders, say Θ =
∂u′

∂x
+
∂v′

∂y
+
∂w′

∂z
= a′ + b′ + c′

(volumetric strain) and Λ =
􏽐

r a′ 2r , expressed by Betti as

P′ = P′(Θ, Λ) = −λ(a′ + b′ + c′)2 − μ(a′ 2 + b′ 2 + c′ 2 + 2f ′ 2

+ 2g′ 2 + 2h′ 2) ≤ 0 (3) 

being μ and λ the Lamé moduli.5 In modern index notation, we could 
write ε = sym(grad s), being s = {si} (i = 1, 2, 3) the displacement 
vector, Θ = ε : 1 = εkk = div(s) = sk,k, Λ = ε : ε = εlmεlm. In Eq. (3), 
Betti considers the potential energy nonpositive: this assumption is 
consistent with the Lagrangian tradition that seeks the maximum 
of the total potential energy to identify the equilibrium configuration. 
The stress components can be deduced by differentiating the energy 
potential P′ with respect to the strain components.

For the first loading condition, the equations stating the local 
equilibrium under translation (balance of forces) for the volume 

element in terms of stress components can be expressed as

∂
∂x

∂P′

∂a′
+
∂
∂y

1
2
∂P′

∂h′
+
∂
∂z

1
2
∂P′

∂g′
= 0

∂
∂x

1
2
∂P′

∂h′
+

∂
∂y

∂P′

∂b′
+
∂
∂z

1
2
∂P′

∂f ′
= 0

∂
∂x

1
2
∂P′

∂g′
+

∂
∂y

1
2
∂P′

∂f ′
+
∂
∂z

∂P′

∂c′
= 0

(4) 

while over the outer surface, having as normal vector components 
(pointing inward) α, β, γ, one has

L′ =
∂P′

∂a′
α +

1
2
∂P′

∂h′
β +

1
2
∂P′

∂g′
γ

M′ =
1
2
∂P′

∂h′
α +

∂P′

∂b′
β +

1
2
∂P′

∂f ′
γ

N′ =
1
2
∂P′

∂g′
α +

1
2
∂P′

∂f ′
β +

∂P′

∂c′
γ

(5) 

More easily, using the index notation with the Einstein con
vention, we can write for the energy density ω = 1/2 σijεij =
1/2 Dijklεijεkl (being i, j, k, l = 1, 2, 3), and hence σij = ∂ω/∂εij, 
σij,j = 0 and σijn j = fi, being n = {−α, −β, −γ} the outward 
normal and f = {L, M, N} the surface force density.

Let us multiply Eq. (4) by the homologous displacement compo
nents generated in the same structure by the second loading system, 
say u′′, v′′, w′′, and integrate them by parts over the volume S. 
Through the divergence theorem, one finds for the first equation

􏽚

S
u′′

∂
∂x

∂P′

∂a′
+

∂
∂y

1
2
∂P′

∂h′
+

∂
∂z

1
2
∂P′

∂g′

􏼒 􏼓

dS

=

􏽚

S

∂
∂x

u′′
∂P′

∂a′

􏼒 􏼓

+
∂
∂y

u′′
1
2
∂P′

∂h′

􏼒 􏼓

+
∂
∂z

u′′
1
2
∂P′

∂g′

􏼒 􏼓

dS

−

􏽚

S

∂u′′

∂x
∂P′

∂a′
+
∂u′′

∂y
1
2
∂P′

∂h′
+
∂u′′

∂z
1
2
∂P′

∂g′
dS

= −

􏽚

σ
u′′

∂P′

∂a′
α+

1
2
∂P′

∂h′
β+

1
2
∂P′

∂g′
γ

􏼒 􏼓

dσ

−

􏽚

S
a′′
∂P′

∂a′
+ h′′

1
2
∂P′

∂h′
+ g′′

1
2
∂P′

∂g′
dS

(6) 

It is worth emphasizing that Betti adopts the positive normal 
vector as directed inward with respect to the body, hence the 
surface flux resulting from the divergence theorem exhibits the 
sign minus. Moreover, the strain components a′′, g′′, and h′′ are 
related to the displacements under the second loading system, 
namely u′′, v′′, w′′, by the compatibility equation (2). Applying 
the same procedure for the other two balance equations (along y
and z), considering moreover the Cauchy relations over the bound
ary surface equation (5), one can write

−
􏽚

σ
L′u′′+M′v′′+N′w′′
( 􏼁

dσ

−
􏽚

S

∂P′

∂a′
a′′+

∂P′

∂b′
b′′+

∂P′

∂c′
c′′+

∂P′

∂f ′
f ′′+

∂P′

∂g′
g′′+

∂P′

∂h′
h′′dS=0

(7) 

Analogously, starting from the balance equations relevant to the 
second loading condition (with apex ′′), one obtains

−
􏽚

σ
L′′u′+M′′v′+N′′w′
( 􏼁

dσ

−
􏽚

S

∂P′′

∂a′′
a′+

∂P′′

∂b′′
b′+

∂P′′

∂c′′
c′+

∂P′′

∂f ′′
f ′+

∂P′′

∂g′′
g′+

∂P′′

∂h′′
h′dS=0

(8) 

Due to the fact that the elastic potential equation (3) is a homo
geneous form of the second order, governed by a symmetric 

3The vector and matrix formulation used nowadays were pioneered by W.R. Ham
ilton with the theory of quaternions in 1846, further developed by J.J. Sylvester and 
A. Cayley ten years later, simplified and disseminated by J.W. Gibbs during the 1980s.

4Giuseppe Luigi Lagrange (1736–1813), Italian mathematician naturalized French, 
wrote the two-volume treatise titled “Mécanique Analytique” in 1788–1789, revised in 
1811.

5Gabriel Lamé (1795–1870), starting from 1820, provided fundamental contribu
tions concerning the curvilinear coordinates, the statistics of structures, and the elas
ticity theory.
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coefficient matrix, the equality holds

∂P′′

∂a′′
a′ + · · · +

∂P′′

∂f ′′
f ′ =

∂P′

∂a′
a′′ + · · · +

∂P′

∂f ′
f ′′ (9) 

Hence, one finds

􏽚

σ
L′′u′ + M′′v′ + N′′w′
( 􏼁

dσ =
􏽚

σ
L′u′′ + M′v′′ + N′w′′
( 􏼁

dσ (10) 

quod erat demonstrandum.
In modern notation (see, e.g., Refs. [13,14]), due to the major 

symmetry of the stiffness tensor, i.e., Dijkl = Dklij, one can write 
Dijklε′ijε′′kl = σ′klε′′kl = Dijklε′′ijε′kl = σ′′klε′kl. The major symmetry of 
the stiffness tensor is a consequence of the conservativity of the 
elastic behavior, the work resulting to be path independent: the 
stress field turns out to be irrotational, due to the existence of a 
potential and to the Clairaut-Schwarz theorem, since Dijkl =
∂σij/∂εkl = ∂2ω/∂εij∂εkl, being ω(εkl) the energy density in classi
cal notation. Since both the loading systems and the corresponding 
strain and stress states are real, i.e., connected by a causal con
straint, they can be regarded, depending on the case, both as stati
cally and kinematically admissible. Applying the principle of 
virtual work as identity between the set of stresses and forces sta
tically admissible (equilibrated) {σ′ij, f ′i }, and another set of strains 
and displacements kinematically admissible (or compatible) 
{ε′′ij, s′′i }, and then exchanging their role, from the coincidence of 
the inner virtual works, the equality of the external virtual works 
follows. Hence, from a mathematical standpoint, the reciprocity 
theorem is strictly related to the existence of a potential, analogous 
to Green’s identities for harmonic functions largely utilized in 
those years and mentioned by Betti (see, e.g., Ref. [7], Section 
IV, page 58). From a mechanical point of view, it stems from the 
principle of virtual work, widely discussed by Gabrio Piola 
(1794–1850), see, e.g., Refs. [15–17]. Moreover, it is worth 
remembering that, in a linear elastic, isotropic, and homogenous 
elastic body, the volumetric strain turns out to be harmonic, 
while the displacement components are biharmonic, under the con
dition that body forces are constant.

In another work included in Ref. [1] (Sopra l’equazioni di equi
librio dei corpi solidi elastici, Annali di matematica pura ed appli
cata, serie II, t. VI, pp. 101–111, Milano, 1874), Betti states the 
same theorem, with almost identical reasoning, including the 
volume density of the external forces. The differential linear 
balance equations at each point of the body, in the presence of 
forces per unit mass denoted by X′, Y ′, and Z′, can be written as

ρX′ =
∂
∂x

∂P′

∂a′
+
∂
∂y

1
2
∂P′

∂h′
+
∂
∂z

1
2
∂P′

∂g′

ρY ′ =
∂
∂x

1
2
∂P′

∂h′
+
∂
∂y

∂P′

∂b′
+
∂
∂z

1
2
∂P′

∂f ′

ρZ′ =
∂
∂x

1
2
∂P′

∂g′
+
∂
∂y

1
2
∂P′

∂f ′
+
∂
∂z

∂P′

∂c′

(11) 

where ρ denotes the material density. In the above equations, the 
stress components are indicated as the partial derivatives of the 
potential energy with respect to the strains. Apex ′ indicates that 
all the quantities belong to the first loading system. Over the 
outer boundary σ, positively oriented with the inward normal 
(having components α, β, γ), the components of the applied 
surface force are denoted by L′, M′, and N′. All the quantities rel
evant to the second system, acting separately on the same body, are 
denoted by the apex ′′. Let us multiply the lhs of the balance equa
tions (11) ordered by the quantities u′′ dS, v′′ dS, w′′ dS, then inte
grating over the volume S occupied by the body. Proceeding by 
parts and applying the divergence theorem, one obtains for the 

first equation

􏽚

S
u′′ −ρX′ +

∂
∂x

∂P′

∂a′
+
∂
∂y

1
2
∂P′

∂h′
+
∂
∂z

1
2
∂P′

∂g′

􏼒 􏼓

dS

= −
􏽚

σ
u′′

∂P′

∂a′
α +

1
2
∂P′

∂h′
β +

1
2
∂P′

∂g′
γ

􏼒 􏼓

dσ

−
􏽚

S
a′′

∂P′

∂a′
+ h′′

1
2
∂P′

∂h′
+ g′′

1
2
∂P′

∂g′
dS −

􏽚

S
u′′ρX′ dS

(12) 

and analogously for the other equations. Let us repeat the same pro
cedure for the solid subject to the second loading system, i.e., mul
tiplying the balance equations with apices ′′ by the quantities u′ dS, 
v′ dS, w′ dS corresponding to the first system, and integrating 
them over the volume S occupied by the body. Proceeding by 
parts and applying the divergence theorem, one obtains for the 
first equation

􏽚

S
u′ −ρX′′ +

∂
∂x

∂P′′

∂a′′
+
∂
∂y

1
2
∂P′′

∂h′′
+
∂
∂z

∂P′′

2∂g′′

􏼒 􏼓

dS

= −
􏽚

σ
u′

∂P′′

∂a′′
α +

1
2
∂P′′

∂h′′
β +

1
2
∂P′′

∂g′′
γ

􏼒 􏼓

dσ

−
􏽚

S
a′
∂P′′

∂a′′
+ h′

1
2
∂P′′

∂h′′
+ g′

1
2
∂P′′

∂g′′
dS

−
􏽚

S
u′ρX′′ dS

(13) 

and analogously for the other equations. After summing all the con
tributions, the inner mutual works turn out to be equal, since, as 
homogeneous quadratic forms, they remain unchanged after a per
mutation of the strains. Hence, considering σ the equilibrium 
balance with the surface force densities, we obtain for the external 
virtual work

􏽚

σ
L′′u′ + M′′v′ + N′′w′
( 􏼁

dσ +
􏽚

S
ρX′′u′ + ρY ′′v′ + ρZ′′w′
( 􏼁

dS

=
􏽚

σ
L′u′′ + M′v′′ + N′w′′
( 􏼁

dσ +
􏽚

S
ρX′u′′ + ρY ′v′′ + ρZ′w′′
( 􏼁

dS

(14) 

It is worth emphasizing that the same theorem, under more strin
gent hypotheses, is attributed to James Clerk Maxwell (1831– 
1879), professor of physics at the University of Cambridge, 
world-renowned for being the author of the “Treatise on Electricity 
and Magnetism” published in 1873. In the work [18], dated 1864, 
Maxwell provided a method to solve hyperstatic frames, i.e., stati
cally indeterminate with redundant constraints, constituted of 
pinned elastic beams: he recognized that “the extension in BC 
due to unity of tension along DE is always equal to the extension 
in DE due to unity of tension in BC.” In practice, Maxwell states 
the symmetry of the influence coefficients relevant to displace
ments generated by unit forces, utilized in the (equilibrated) 
force method to specify compatibility equations. By formulae, 
one can write μij = μ ji, where index i indicates the location of the 
effect (e.g., a displacement component), while index j denotes 
the location of the source (i.e., the unit force), μ having dimension 
[L/F]. Moreover, since the two systems of actions dealt with in 
Maxwell’s procedure are both constituted of one unit force, to 
the equality of the mutual work, one can easily substitute the equal
ity of the displacements of the application points, suitably pro
jected. Maxwell’s statement, commonly referred to in the 
literature as a reduced form of Betti’s theorem, is at the basis of 
the theory of influence lines, as discussed in the last section. In 
this scenario, the validity of the theorem can be more easily exper
imentally verified, since the measurement of the displacements is 
easier than that of work. The experimental verification of Betti’s 
theorem in the formulation of Maxwell was carried out by Lord 
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John Williams Strutt, 3rd Baron Rayleigh (1842–1919), by means 
of timber beams subjected to mobile weights.6

From the engineering standpoint, the reciprocity theorem 
answers a question that was not new with reference to elastic 
beams, see also Ref. [20]. As emphasized by Pugno [12], Leonardo 
da Vinci (1452–1519) raises a similar question in several pages of 
the Codex Atlanticus, demonstrating some intuition of the state
ment. With reference to a simply supported elastic beam, in 
which a weight positioned in the middle span causes a given deflec
tion, Leonardo asks where a mass, having double or triple weight, 
should be positioned along the beam to retrieve the same 
deflection at the midspan. He also asks which weight it should 
possess, if inversely the location of such a mass is assumed a 
priori. When recourse is made to the reciprocity theorem, the solu
tion to the above questions is trivial: in any case, the evaluation of 
the mutual work is necessary, since the weights involved are 
different.

3 Auxiliary Role of Betti’s Principle
In several pages of his works, Betti did interesting applications 

of the reciprocity principle. For instance, in Ref. [7] (page 323 et 
seq.), he developed the following didactical exercise for begin
ners that however also exhibits some practical interest for engi
neers. If we assume as displacement field an affine function of 
the coordinates, describing a small rigid body motion 
governed by six parameters (l̆, m̆, n̆, p̆, q̆, r̆) in the three- 
dimensional space (i.e., three translations and three small rota
tions), namely,

u′′ = l̆ + r̆y − q̆z

v′′ = m̆ − r̆x + p̆z

w′′ = n̆ + q̆x − p̆y

(15) 

that balance vanishing surface force densities, i.e., L′′ = M′′ =
N′′ = 0, in the expression of the mutual external virtual work, 
one has

􏽚

σ
L′u′′ + M′v′′ + N′w′′
( 􏼁

dσ = 0 (16) 

and hence

l̆
􏽚

σ
L′dσ + m̆

􏽚

σ
M′dσ + n̆

􏽚

σ
N′dσ + r̆

􏽚

σ
L′y−M′x
( 􏼁

dσ

+ q̆
􏽚

σ
−L′z+M′x
( 􏼁

dσ + p̆
􏽚

σ
M′z−N′y
( 􏼁

dσ =0 ∀ l̆, m̆, n̆, p̆, q̆, r̆

(17) 

From the above calculations, Betti states that the elastically 
deformable bodies must also satisfy, as necessary conditions of 
equilibrium, the cardinal equations of statics (in the number of 
six in the three-dimensional space): in fact, the integrals above 
provide, by components, the invariants of the loading system, 
namely, the resultant force and the resultant moment, which must 
vanish to ensure the equilibrium regardless of the selected rigid 
body motion. This exercise represents nothing other than the prin
ciple of virtual work, written for a compatible set of displacements 
and a self-equilibrated system of loading. It is worth noting that p̆, 

q̆, and r̆ represent the components of the axial vector of a skew- 
symmetric matrix, describing small rotations: the corresponding 
displacements can be obtained by the matrix product (rows by 
columns) of that matrix with the position vector, or equivalently 
by the cross product of such a rotation vector with the position 
vector. In this respect, it is worth emphasizing that the principle 
of virtual work was utilized since Greek antiquity to assess the 
equilibrium conditions of rigid bodies entering mechanisms of 
technological interest, such as scales or pulleys, see, e.g., Refs. 
[21,22].

Another important section of Betti’s treatise is titled “Dilatation 
of any element belonging to an isotropically elastic body, subjected 
to forces acting exclusively on the surface”7 : the question raised 
here concerns the evaluation of the volumetric strain at any point 
of a homogeneous and isotropic linearly elastic body, as a function 
of the loading density applied on its boundary. To this purpose, 
Betti conjectures as displacement field at the equilibrium the super
position of two contributions

u′′ =
∂
∂x

1
r

􏼒 􏼓

+ ξ, v′′ =
∂
∂y

1
r

􏼒 􏼓

+ η, w′′ =
∂
∂z

1
r

􏼒 􏼓

+ ζ (18) 

where the role of the second field, denoted by Greek letters and 
acting as a “corrector,” will be discussed later. In Betti’s notation, 
symbol r = ‖x − x′‖ = ((x − x′)2 + (y − y′)2 + (z − z′)2)1/2 denotes 
the relative Euclidean distance between the generic point with 
coordinates x and that with coordinates x′, being 1/r singular 
when x → x′. Assuming that the point with coordinates x′

belongs to the interior of the domain occupied by the body, 
denoted by symbol S, whilst x can also vary over its boundary 
(belonging to the closure S̅), the displacement components corre
sponding to the first contribution, i.e., ∂r−1/∂x, etc., are bounded 
and continuous with their derivatives in the whole region deprived 
of a sphere centered at x′, say s, with an infinitesimal radius. We 
can denote this region by S′ = S − s ⊂ S, enclosed by the disjoint 
surfaces σ = ∂S and σ′, the union of which constitutes the frontier 
of S′. The first contribution in Eq. (18) is the gradient of a potential: 
function r−1 constitutes the fundamental solution of the Laplace 
equation for the three-dimensional case and coincides with the 
well-known Coulomb (central, radial) scalar potential, generated 
by a point electric charge and vanishing at infinity, its gradient 
being the electric vector field. The displacement expressed by the 
gradient of the potential r−1 generates in the body a null volumetric 
strain, corresponding to a vanishing divergence that coincides 
indeed with the Laplacian of r−1. Also, the Laplacian of each 
one of the components of the potential gradient vanishes, as it 
can easily be recognized by the Clairaut-Schwarz theorem when 
commuting the differential operators: hence, the components of 
the first contribution in Eq. (18) result in harmonic functions. By 
formulae, one has

Θ(grad r−1) = div grad r−1( 􏼁
=

∂2

∂x2

1
r

􏼒 􏼓

+
∂2

∂y2

1
r

􏼒 􏼓

+
∂2

∂z2

1
r

􏼒 􏼓

= ∇2 1
r

􏼒 􏼓

= 0

∇2 ∂
∂x

1
r

􏼒 􏼓

=
∂
∂x

∇2 1
r

􏼒 􏼓

= 0, ∇2 ∂
∂y

1
r

􏼒 􏼓

= 0, ∇2 ∂
∂z

1
r

􏼒 􏼓

= 0

(19) 

In Betti’s Ansatz, the first contribution constitutes a field, at 
the same time, irrotational (i.e., rotgrad · =0) and soleinodal. 
Exclusively, the second contribution to the solution field, expressed 
by the components ξ, η, and ζ, contributes to the Laplacian 
and to the divergence of the displacement field, i.e., 

6In the two-volume work “The Theory of sound,” dated 1877–1878, Lord Rayleigh 
extended the formulation of Maxwell to vibrations and acoustics, proving that in sta
tionary conditions, the source and receiver location can be interchanged (see Ref. [19], 
Chapter IV, Vibrating systems in general, page 68 et seq.). Furthermore, in a late 
edition of the same treatise dated 1894–1896, establishing an analogy between pairs 
of mechanical and physical quantities, namely, between the sound pressure and the 
voltage, the fluid velocity and the electric current, Rayleigh also provided an extension 
to electric currents in passive networks: this last principle is referred to in the literature 
as Rayleigh-Carson, as a special case of Lorentz reciprocity involving electromagnetic 
and electric fields.

7“Dilatazione di un elemento qualunque di un corpo elastico isotropo, sotto 
l’azione di forze che agiscono soltanto alla superficie” ([7], Section VIII, pages 335 
et seq.).
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∇2u′′ = ∇2ξ, ∇2v′′ = ∇2η, ∇2w′′ = ∇2ζ, and Θ′′ = ∂ξ/∂x + ∂η/∂y +
∂ζ/∂z, and therefore can satisfy the Navier-Cauchy equations, i.e.,

2λ + μ
( 􏼁 ∂

∂x
Θ′′ + μ∇2ξ = 0

2λ + μ
( 􏼁 ∂

∂y
Θ′′ + μ∇2η = 0

2λ + μ
( 􏼁 ∂

∂z
Θ′′ + μ∇2ζ = 0

(20) 

where body forces have been neglected. In other words, in the par
tition equation (18), the displacement field with components ξ, η, ζ
permits to satisfy Eq. (20) within the bulk (also in the presence of 
volume force densities), while the addends relevant to the gradient 
of the potential belong to the kernel of the Navier operator: on the 
contrary, both the displacement fields contribute to the equilibrium 
conditions on the boundary (Eq. (5)), although the potential gradi
ent generates purely deviatoric strain and stress fields. It should not 
surprise the reader that, in Betti’s work, the second Lamé modulus 
λ appears multiplied by two (in the Navier equations as in the con
stitutive relations), due to the definition that Betti adopts for the 
potential energy density (Eq. (3)), without the coefficient 1/2.8

In the volume S′, deprived of an infinitesimal sphere centered at 
the singular point x′, let us define the displacement field with com
ponents u′, v′, w′, specifying the equilibrium configuration under 
force densities acting on the outer surfaces σ and σ′, denoted by 
the symbols L′, M′, N′, and L′1, M′1, N′1, respectively. In these pas
sages, we have slightly modified the notation used by Betti, avoid
ing using symbols X, Y, and Z that already indicate the forces per 
unit mass: moreover, in what follows, pedex 1 will denote the force 
density components acting on the infinitesimal spherical surface σ′
centered at x′. Let us notice that, on the boundary surface σ′, the 
normal vector pointing inward the solid body results outward 
with respect to the sphere: the force density prescribed on σ′ is 
equal and opposite to the components of the traction vector 
acting on it from inside the body, and hence indicated with the 
sign −. One can express the boundary equilibrium equation on σ′
in terms of the displacement components u′, v′, w′:

− L′1 = 2 λΘ′ + μ
∂u′

∂x

􏼒 􏼓

α + μ
∂u′

∂y
+
∂v′

∂x

􏼒 􏼓

β + μ
∂u′

∂z
+
∂w′

∂x

􏼒 􏼓

γ

− M′1 = μ
∂v′

∂x
+
∂u′

∂y

􏼒 􏼓

α + 2 λΘ′ + μ
∂v′

∂y

􏼒 􏼓

β + μ
∂v′

∂z
+
∂w′

∂y

􏼒 􏼓

γ

− N′1 = μ
∂w′

∂x
+
∂u′

∂z

􏼒 􏼓

α + μ
∂w′

∂y
+
∂v′

∂z

􏼒 􏼓

β + 2 λΘ′ + μ
∂w′

∂z

􏼒 􏼓

γ

(21) 

and on σ

L′ = 2 λΘ′ + μ
∂u′

∂x

􏼒 􏼓

α + μ
∂u′

∂y
+
∂v′

∂x

􏼒 􏼓

β + μ
∂u′

∂z
+
∂w′

∂x

􏼒 􏼓

γ

M′ = μ
∂v′

∂x
+
∂u′

∂y

􏼒 􏼓

α + 2 λΘ′ + μ
∂v′

∂y

􏼒 􏼓

β + μ
∂v′

∂z
+
∂w′

∂y

􏼒 􏼓

γ

N′ = μ
∂w′

∂x
+
∂u′

∂z

􏼒 􏼓

α + μ
∂w′

∂y
+
∂v′

∂z

􏼒 􏼓

β + 2 λΘ′ + μ
∂w′

∂z

􏼒 􏼓

γ

(22) 

being λ and μ the Lamé moduli, and Θ the volumetric strain. The 
displacement field in Eq. (18) with components u′′, v′′, w′′, resulting 
from the superposition of the gradient of the potential r−1 and of the 
field ξ, η,ζ, specifies the equilibrium configuration under surface 
force densities applied on σ and σ′, that due to the linearity of 

the boundary equilibrium equation can be expressed in components 
as L′′ + L0
( 􏼁

, M′′ + M0
( 􏼁

, N′′ + N0
( 􏼁

, and L′′1 + L0
1

( 􏼁
, M′′1 + M0

1

( 􏼁
, 

N′′1 + N0
1

( 􏼁
, respectively. Betti’s theorem implies the equality of 

the mutual (external) virtual works between the displacement 
field specified above and their surface loading, i.e.,
􏽚

σ
L′

∂
∂x

1
r

􏼒 􏼓

+ξ
􏼔 􏼕

+M′
∂
∂y

1
r

􏼒 􏼓

+η
􏼔 􏼕

+N′
∂
∂z

1
r

􏼒 􏼓

+ζ
􏼔 􏼕􏼚 􏼛

dσ

+
􏽚

σ′
L′1

∂
∂x

1
r

􏼒 􏼓

+ξ
􏼔 􏼕

+M′1
∂
∂y

1
r

􏼒 􏼓

+η
􏼔 􏼕

+N′1
∂
∂z

1
r

􏼒 􏼓

+ζ
􏼔 􏼕􏼚 􏼛

dσ′

=
􏽚

σ
L′′+L0􏼂 􏼃

u′+ M′′+M0􏼂 􏼃
v′+ Z′′+Z0􏼂 􏼃

w′
􏼈 􏼉

dσ

+
􏽚

σ′
L′′1 +L0

1

􏼂 􏼃
u′+ M′′1 +M0

1

􏼂 􏼃
v′+ N′′1 +N0

1

􏼂 􏼃
w′

􏼈 􏼉
dσ′

(23) 

Among the above contributions, let us notice that the surface 
integrals of bounded and continuous quantities over the sphere σ′
with an infinitesimal radius vanish, namely, for r → 0, one has
􏽚

σ′
L′1ξ + M′1η + N′1ζ
􏼈 􏼉

dσ′ =
􏽚

σ′
L0

1u′ + M0
1v′ + N0

1w′
􏼈 􏼉

dσ′ → 0

(24) 

Moreover, let us consider in Eq. (23) the last integral on the 
spherical surface σ′ (with infinitesimal radius): the surface force 
density, with components L′′1, M′′1 , N′′1 , due to the reciprocity formu
lation, it is balanced by the displacement field that is the gradient of 
r−1 and induces a null volumetric strain. According to the boundary 
equilibrium equations (21), the first component of this distribution 
can be expressed as

−L′′1 = 2μ
∂
∂x

∂
∂x

1
r

􏼒 􏼓

α + μ
∂
∂y

∂
∂x

1
r

+
∂
∂x

∂
∂y

1
r

􏼒 􏼓

β

+ μ
∂
∂z

∂
∂x

1
r

+
∂
∂x

∂
∂z

1
r

􏼒 􏼓

γ = 2μ
∂
∂x

∂
∂x

1
r

􏼒 􏼓

α + 2μ
∂
∂y

∂
∂x

1
r

􏼒 􏼓

β

+ 2μ
∂
∂z

∂
∂x

1
r

􏼒 􏼓

γ (25) 

on the basis of Clairaut-Schwarz theorem. Following the same 
path, the remaining components can be expressed in turn as

− M′′1 = 2μ
∂
∂y

∂
∂x

1
r

􏼒 􏼓

α + 2μ
∂
∂y

∂
∂y

1
r

􏼒 􏼓

β + 2μ
∂
∂y

∂
∂z

1
r

􏼒 􏼓

γ

− N′′1 = 2μ
∂
∂z

∂
∂x

1
r

􏼒 􏼓

α + 2μ
∂
∂z

∂
∂y

1
r

􏼒 􏼓

β + 2μ
∂
∂z

∂
∂z

1
r

􏼒 􏼓

γ
(26) 

Denoting by p the normal to the boundary surface, that over the 
infinitesimal inner boundary σ′ coincides with the direction of the 
position vector from x′, and the normal director cosines can be 
expressed as α = dx/dp, β = dy/dp, and γ = dz/dp. Equations 
(25) and (26) can be written in a compact form as

−L′′1 =2μ
∂
∂p

∂
∂x

1
r

􏼒 􏼓

, −M′′1 =2μ
∂
∂p

∂
∂y

1
r

􏼒 􏼓

, −N′′1 =2μ
∂
∂p

∂
∂z

1
r

􏼒 􏼓

(27) 

It is worth highlighting the meaning of the above expression. In 
fact, as for the displacements generated by the potential gradient, 
the equilibrium boundary condition (Eq. (21)) on σ′ becomes a 
Neumann condition involving the normal derivative of the 
unknown field: in general, this condition does not hold, since the 
presence of the volumetric strain makes the expression more 
convoluted.

Taking into account the vanishing addends of Eq. (24) and the 
relations just deduced for the surface force densities (Eq. (27)), 
Equation (23) can be arranged grouping at the l.h.s. the integrals 

8Actually, the first to introduce the coefficient 12 multiplying the kinetic energy was 
Gaspard-Gustave de Coriolis (1792–1843) in his work dated 1829 and titled “Du 
calcul de l’effet des machines,” and for the elastic energy, George Green (1793– 
1841), probably around 1837. In his fundamental treatise titled “An Essay on the 
Application of Mathematical Analysis to the Theories of Electricity and Magnetism,” 
dated 1828, Green coined the term potential.
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over σ′ that include functions with a singularity in x′ as follows:
􏽚

σ′
2μ

∂
∂p

∂
∂x

1
r

􏼒 􏼓

u′+2μ
∂
∂p

∂
∂y

1
r

􏼒 􏼓

v′+2μ
∂
∂p

∂
∂z

1
r

􏼒 􏼓

w′
􏼚 􏼛

dσ′

+
􏽚

σ′
L′1

∂
∂x

1
r

􏼒 􏼓

+M′1
∂
∂y

1
r

􏼒 􏼓

+N′1
∂
∂z

1
r

􏼒 􏼓􏼚 􏼛

dσ′

=
􏽚

σ
L′′+L0( 􏼁

u′+ M′′+M0( 􏼁
v′+ N′′+N0( 􏼁

w′
􏼈 􏼉

dσ

−
􏽚

σ
L′

∂
∂x

1
r

􏼒 􏼓

+ξ
􏼔 􏼕

+M′
∂
∂y

1
r

􏼒 􏼓

+η
􏼔 􏼕

+N′
∂
∂z

1
r

􏼒 􏼓

+ζ
􏼔 􏼕􏼚 􏼛

dσ

(28) 

At the r.h.s., we recognize all the surface integrals evaluated on 
σ, which we can try to simplify. With reference to the last integral, 
let us notice that, if we multiply L′ by (∂/∂x) (r−1), M′ by 
(∂/∂y) (r−1), and N′ by (∂/∂z) (r−1), on the basis of Eq. (22), one 
can write on σ

L′
∂
∂x

r−1( 􏼁
= −2λΘ′

∂r−1

∂x
dx
dr

− μ
du′

dr
∂r−1

∂x
− μ

∂u′

∂x
∂r−1

∂x
+
∂v′

∂y
∂r−1

∂y
+
∂w′

∂x
∂r−1

∂z

􏼒 􏼓
dx
dr

M′
∂
∂y

r−1( 􏼁
= −2λΘ′

∂r−1

∂y
dy
dr

− μ
dv′

dr
∂r−1

∂y
− μ

∂u′

∂y
∂r−1

∂x
+
∂v′

∂y
∂r−1

∂y
+
∂w′

∂y
∂r−1

∂z

􏼒 􏼓
dy
dr

N′
∂
∂z

r−1( 􏼁
= −2λΘ′

∂r−1

∂z
dz
dr

− μ
dw′

dr
∂r−1

∂z
− μ

∂u′

∂z
∂r−1

∂x
+
∂v′

∂z
∂r−1

∂y
+
∂w′

∂z
∂r−1

∂z

􏼒 􏼓
dz
dr

(29) 

For the above equations, we have utilized the chain of equalities:

∂
∂x

1
r

􏼒 􏼓
dy
dr

=
∂
∂y

1
r

􏼒 􏼓
dx
dr

,
∂
∂y

1
r

􏼒 􏼓
dz
dr

=
∂
∂z

1
r

􏼒 􏼓
dy
dr

, etc.

d·
dr

=
∂·
∂x

dx
dr

+
∂·
∂y

dy
dr

+
∂·
∂z

dz
dr

(30) 

By adding side by side Eq. (29), one obtains

L′
∂r−1

∂x
+ M′

∂r−1

∂y
+ N′

∂r−1

∂z
= −2λΘ′

dr−1

dr

− 2μ
du′

dr
∂r−1

∂x
+

dv′

dr
∂r−1

∂y
+

dw′

dr
∂r−1

∂z

􏼒 􏼓

(31) 

The reader might wonder whether the integral on σ′ of the 
expression at the r.h.s. is convergent, including powers of r at 
the denominator. Now, one of the most famous results of potential 
theory due to Gauss is that the following surface integral is conver
gent, and when r → 0, one has

􏽚

σ′
dσ′Θ′

d r−1

dr
= −4πΘ (32) 

Symbol Θ denotes herein the volumetric strain Θ′ (relevant to 
the field u′, v′, w′) evaluated at the point x′, at the center of the 
sphere σ′. The above result can be easily proven when considering 
that the surface element of a sphere with radius r equals 
r2 sin ϑdϑdφ = r2 dϖ, being ϑ and φ the polar and the azimuthal 
angle (0 ≤ ϑ ≤ π, 0 ≤ φ ≤ 2π), while dϖ indicates the correspond
ing area element for the unit sphere (r = 1). The above equality can 
also be deduced as a special case of Green’s identities discussed 
later, letting r → 0. At this point, Betti utilizes the following equal
ities on the infinitesimal spherical surface σ′ (i.e., with r → 0):

􏽚

σ′
dσ′

du′

dr
∂
∂x

1
r

􏼒 􏼓

− u′
d
dr

∂
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1
r

􏼒 􏼓􏼚 􏼛

= −4π
∂u′
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􏼌
􏼌
􏼌
􏼌
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􏽚
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dσ′
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1
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􏼒 􏼓

− u′
d
dr

∂
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1
r

􏼒 􏼓􏼚 􏼛

= −4π
∂v′

∂y

􏼌
􏼌
􏼌
􏼌
x′

􏽚

σ′
dσ′

dw′

dr
∂
∂z

1
r

􏼒 􏼓

− u′
d
dr

∂
∂z

1
r

􏼒 􏼓􏼚 􏼛

= −4π
∂w′

∂z

􏼌
􏼌
􏼌
􏼌
x′

(33) 

It is worth noting that the normal to the spherical surface σ′ is 
parallel to the position vector starting from the center, hence 

d/dr = d/dn: the above partial derivatives represent normal deriv
atives. In addition, within the above integrals, we are convolving a 
single displacement component and its normal derivative not just 
with the potential function, but with its partial derivative in the 
direction of the displacement, i.e., u′ with ∂/∂x(r−1), v′ with 
∂/∂y(r−1), and w′ with ∂/∂z(r−1). Consistently, at the r.h.s., we rec
ognize, multiplied by −4π, not the displacement component evalu
ated at the center x′, but its partial derivative in the same direction. 
This circumstance will be clarified at the end of this section, when 
the properties of the Green’s function will be addressed. The proof 
of Eq. (33) adduced by Betti may appear cumbersome and some
what obscure to the modern reader. In fact, Betti observes that, 
on σ′, one can write

􏽚

σ′
dσ′

du′

dr
∂r−1

∂x
− u′

d
dr
∂r−1

∂x

􏼚 􏼛

=
􏽚

σ′
dσ′

du′

dr
α
r2

− u′
d
dr

α
r2

􏼐 􏼑􏼚 􏼛

=
􏽚

σ′
dσ′

1
r4

d
dr

u′αr2( 􏼁
(34) 

where α = −x/r, β = −y/r, and γ = −z/r are the director cosines of 
the normal to the outer surface, oriented inward. The above relation 
can be easily proved by passing to spherical coordinates, being 
x = r cos ϑ cos φ, x = r cos ϑ sin φ, and z = r sin ϑ.

Applying the divergence theorem to the horizontal strain over 
the three-dimensional region s, one obtains

􏽚

s
ds
∂u′

∂x
= −

􏽚

σ′
dσ′u′α = −r2

􏽚

ϖ
dϖu′α (35) 

being dϖ the spherical surface element with unit radius, and the 
sign − is due to the orientation of the normal preferred by Betti. 
At this point, the reasoning of Betti could result misleading for 
the reader, since the integrand function (possibly nonlinear) must 
always be evaluated over the sphere with radius r, although the 
surface element could be scaled proportionally to r2 (being 
r2 sin ϑ the Jacobian determinant) and the radius is not included 
among the integration variables of the surface integral. Clearly, 
to compute the volume (triple) integral, one also has to integrate 
with respect to variable r, being the volume element expressed as 
ds = r2 sin ϑ drdϑdφ, obtaining

􏽚r

0
r̃2dr̃

􏽚

ϖ
dϖ

∂u′

∂x
= −

􏽚

σ′
dσ′u′α = −

􏽚

ϖ
dϖu′αr2 (36) 
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Differentiating both sides with respect to r and dividing by r2, one can write
􏽚

ϖ
dϖ

∂u′

∂x
= 4π

∂u′

∂x

􏼌
􏼌
􏼌
􏼌
x′

= −
􏽚

ϖ
dϖ

1
r2

d
dr

(u′αr2) = −
􏽚

σ′
dσ′

1
r4

d
dr

(u′αr2) (37) 

The first equality strictly holds if the function in point is harmonic, hence coincident with its surface or volume average: this hypothesis 
was not assumed explicitly by Betti, and, however, it is the volumetric strain to be harmonic, not the single displacement derivative enter
ing it. Without this assumption, the function at the right-hand side, i.e., 4π(∂u′/∂x), has to be evaluated at a point over the surface, and not 
at the center of the sphere. In any case, this could be a light fault since it is worth remembering that we are dealing with the case r → 0. 
Finally, one obtains

􏽚

σ′
dσ′

du′

dr
∂
∂x

1
r

􏼒 􏼓

− u′
d
dr

∂
∂x

1
r

􏼒 􏼓􏼚 􏼛

= −4π
∂u′

∂x

􏼌
􏼌
􏼌
􏼌
x′

(38) 

Let us observe that with superimposing expressions already analyzed, Eqs. (32) and (33), one can write

L′
∂
∂x

1
r

􏼒 􏼓

+ M′
∂
∂y

1
r

􏼒 􏼓

+ N′
∂
∂z

1
r

􏼒 􏼓

+ 2μ
du′

dr
∂
∂x

1
r

􏼒 􏼓

+
dv′

dr
∂
∂y

1
r

􏼒 􏼓

+
dw′

dr
∂
∂z

1
r

􏼒 􏼓􏼚 􏼛

− 2μ
du′

dr
∂
∂x

1
r

􏼒 􏼓

− u′
d
dr

∂
∂x

1
r

􏼒 􏼓􏼚 􏼛

− 2μ
dv′

dr
∂
∂y

1
r

􏼒 􏼓

− v′
d
dr

∂
∂y

1
r

􏼒 􏼓􏼚 􏼛

− 2μ
dw′

dr
∂
∂z

1
r

􏼒 􏼓

− w′
d
dr

∂
∂z

1
r

􏼒 􏼓􏼚 􏼛

= L′
∂
∂x

1
r

􏼒 􏼓

+ M′
∂
∂y

1
r

􏼒 􏼓

+ N′
∂
∂z

1
r

􏼒 􏼓

+ 2μ u′
d
dr

∂
∂x

1
r

􏼒 􏼓

+ v′
d
dr

∂
∂y

1
r

􏼒 􏼓

+ w′
d
dr

∂
∂z

1
r

􏼒 􏼓􏼚 􏼛

(39) 

It is worth noting that the sum of the r.h.s of Eq. (33) provides −4πΘ, where the volumetric strain evaluated at x′ equals 

Θ =
∂u′

∂x
+
∂v′

∂y
+
∂w′

∂z

􏼒 􏼓

|x′ : hence, the sum of the three curly brackets just before the first equality in Eq. (39), multiplied by −2μ, provides 

8πμΘ. Integrating Eq. (31) over the surface σ′ and considering previous results, one obtains

􏽚

σ′
dσ′ L′

∂r−1

∂x
+ M′

∂r−1

∂y
+ N′

∂r−1

∂z
+ 2μ u′

d
dr
∂r−1

∂x
+ v′

d
dr
∂r−1

∂y
+ w′

d
dr
∂r−1

∂z

􏼒 􏼓􏼔 􏼕

= 8π(λ + μ)Θ
(40) 

From Eq. (23), one can finally compute the volumetric strain at point x′

Θ = −
1

8π(λ + μ)

􏽚

σ
L′

∂r−1

∂x
+ ξ

􏼒 􏼓

+ M′
∂r−1

∂y
+ η

􏼒 􏼓

+ N′
∂r−1

∂z
+ ζ

􏼒 􏼓􏼔 􏼕􏼚

− L′′ + L0( 􏼁
u′ − M′′ + M0( 􏼁

v′ − N′′ + N0( 􏼁
w′
􏼛

dσ
(41) 

The displacement field with components u′, v′, and w′, appearing in the above integral and generated by the contact pressures applied on 
σ, with components L′, M′, and N′, is unknown. The same occurs for the fields ξ, η, and ζ, satisfying the volume of the Navier equations 
(20) and balancing the external force density L0, M0, and N0 on σ. On the basis of Eq. (27), the surface force density over the boundary, 
which corresponds to the gradient of the potential r−1, can be expressed in the compact form L′′ = −2μ(d/dp)(∂r−1/∂x), etc., being p the 
surface normal. Hence, if we are able to select the “correction” displacements ξ, η, and ζ in such a way that they satisfy the Navier equa
tions within the bulk and balance the outer force distributions due to the gradient of potential, obtaining L′′ + L0 = 0, M′′ + M0 = 0, and 
N′′ + N0 = 0, the three addends in Eq. (41) multiplying the unknown field u′, v′, and w′ disappear. Under these conditions (indicated by a 
tilde the field fulfilling the above conditions), the final formula becomes

Θ(R) = −
1

8π(λ + μ)

􏽚

σ
L′

∂r−1
RQ

∂x
+ ξ̃(Q)

􏼠 􏼡

+ M′
∂r−1

RQ

∂y
+ η̃(Q)

􏼠 􏼡

+ N′
∂r−1

RQ

∂z
+ ζ̃(Q)

􏼠 􏼡􏼢 􏼣􏼨 􏼩

dσQ (42) 

For the sake of clarity, with respect to the original Betti’s presentation, we have entered symbols R = {x′} and Q = {x}, underlying the 
fact that the potential plays the role of Green’s symmetric kernel G(R, Q) = G(R − Q) and that the integration is carried out with respect to 
the argument Q alone over the boundary σ. To compute the displacement field with components ξ̃, η̃, and ζ̃, Betti suggests as a general 
method to expand in spherical harmonics the prescribed loading terms and the unknowns, specifying the constraints they have to satisfy, 
term by term, to fulfill the equilibrium equations.

The conceptual path developed by Betti may appear to the reader at times obscure, also because it was carried out by components. As an 
alternative, one can deduce directly the volumetric strain Θ, which is a harmonic function for a linearly elastic isotropic body, using 
Green’s identities. In potential theory, see, e.g., Refs. [23,24], it is well known that if U and V are functions and sufficiently regular 
and defined within a domain S with boundary σ, as a consequence of the divergence theorem, the following equality holds:

􏽚

σ
U
∂V
∂n

− V
∂U
∂n

􏼚 􏼛

dσ =
􏽚

S
U∇2V − V∇2U
􏼈 􏼉

dS = 0 (43) 

where n is the outward normal to the boundary, and for the directional derivative, one can write ∂V/∂n = ∇V · n. If G(R, Q) is the Green’s 
function for the three-dimensional Laplace operator, i.e., the response of the system to an impulse ∇2

RG(R, Q) = δ3(R − Q), where δ3 is the 
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Dirac distribution in the three-dimensional space, one can write

􏽚

σ
U(Q)

∂
∂Qn

G(R, Q) − G(R, Q)
∂U
∂Qn

􏼚 􏼛

dσQ

=
􏽚

S
U(Q)∇2

QG(R, Q) − G(R, Q)∇2
QU

􏽮 􏽯
dSQ = U(R)

−
􏽚

S
G(R, Q)∇2

QU dSQ

(44) 

resulting, after convolution with the Dirac delta in the spirit of dis
tributions,

􏽚

S
U(Q)∇2

QG(R, Q) dSQ =
􏽚

S
U(Q)δ3(R − Q) dSQ = U(R) (45) 

Hence, the value of U at the point R can be computed as follows:

U(R) =
􏽚

S
G(R, Q)∇2

QU dSQ

+
􏽚

σ
U(Q)

∂
∂Qn

G(R, Q) − G(R, Q)
∂U
∂Qn

􏼚 􏼛

dσQ (46) 

The Green’s function for the three-dimensional Laplace operator 
is

G(R, Q) = G(R − Q) =
−1

4π‖xR − xQ‖
= −

1
4πrRQ

(47) 

and is symmetric with respect to its arguments, i.e., G(R, Q) =
G(Q, R) ∀ R, Q. This property is often referred to as the reciprocity 
of the Green’s function. The sign − is required to ensure consis
tency of the definition of G provided above with the divergence 
theorem and the flux sign, being ∇2G = div(∇G). It is worth 
noting that, in Eq. (43), a change of sign in the normal vector 
implies a change of sign of the two surface contributions at the 
l.h.s. (including normal derivatives), while a change of sign in 
the Green’s function implies a change of sign of both the volume 
contributions at the r.h.s., also due to the linearity of the Laplace 
operator.

An analogous representation formula can be provided for the 
first-order partial derivatives of function U at point R, differentiat
ing the kernel under the integral with respect to the free variable R
not affected by the integration. One obtains

∇RU(R) =
􏽚

S
∇RG(R, Q)∇2

QU dSQ

+
􏽚

σ
U(Q)

∂
∂Qn

∇RG(R, Q) − ∇RG(R, Q)
∂U
∂Qn

􏼚 􏼛

dσQ

(48) 

where we have commuted the nabla operator with the directional 
derivative.

If a Green’s function can be provided, vanishing on the boundary 
σ, itself or its normal derivative, the surface integral can be further 
simplified. For instance, one can assume

􏽥G(R, Q) =
−1

4π‖xR − xQ‖
+ ϕ(R, Q) (49) 

where function ϕ is selected in such a way to provide the same 
value of G (or of its normal derivative) over the boundary, with 
opposite sign. Moreover, when U is harmonic within the domain, 
i.e., ∇2U = 0, the volume integral disappears: hence the values of 
U and of its gradient ∇RU in the interior domain are completely 
known once their values on the outer boundary have been pre
scribed. Assuming Green’s function as in Eq. (47), one obtains 

for the function U and its gradient

4πU(R) =
􏽚

S

−1
rRQ

􏼒 􏼓

∇2
QU dSQ

+
􏽚

σ
U(Q)

∂
∂Qn

−1
rRQ

􏼒 􏼓

−
−1
rRQ

􏼒 􏼓
∂U
∂Qn

􏼚 􏼛

dσQ

4π∇U(R) =
􏽚

S
∇R

−1
rRQ

􏼒 􏼓

∇2
QU dSQ

+
􏽚

σ
U(Q)

∂
∂Qn

∇R
−1
rRQ

􏼒 􏼓

− ∇R
−1
rRQ

􏼒 􏼓
∂U
∂Qn

􏼚 􏼛

dσQ

(50) 

It is worth noting that several expressions deduced by Betti and 
commented above were referred to an infinitesimal sphere σ′ inner 
to the integration domain and were intended to prove the conver
gence of the singular integrals letting the radius r tend to zero. 
Once this property is proved, the Greens’ identities can be 
applied to any couple of fields sufficiently regular, over any 
closed domain with a smooth boundary. A special scenario 
occurs when the singular point (or source point) lies on the frontier: 
in this case, the integral is improper and the value of the function at 
those points has to be multiplied by a coefficient of 1/2 if the 
surface is regular at that point.

On the basis of the Green’s identities outlined above in a modern 
formulation, let us try to retrieve Eq. (33) utilized by Betti over the 
infinitesimal sphere s centered in x′, with boundary σ′ . In particu
lar, let us particularize Eq. (50) to the partial derivative with respect 
to x (i.e., the horizontal strain εxx), namely,

4π
∂u
∂x

􏼌
􏼌
􏼌
􏼌
x′

=
􏽚

s

∂
∂x

−1
r

􏼒 􏼓

∇2u ds+
􏽚

σ′
u
∂
∂n

∂
∂x

−1
r

􏼒 􏼓

−
∂
∂x

−1
r

􏼒 􏼓
∂u
∂n

􏼚 􏼛

dσ′

= −
􏽚

s

∂
∂x

1
r

􏼒 􏼓

∇2u ds
􏽼����������􏽻􏽺����������􏽽

= ⋆( )

+
􏽚

σ′
−u

∂
∂r

∂
∂x

1
r

􏼒 􏼓

+
∂
∂x

1
r

􏼒 􏼓
∂u
∂r

􏼚 􏼛

dσ′

(51) 

where we have set d/dr = d/dn, since the outward normal vector n
was used herein. Integrating by parts the first contribution, and 
passing to the boundary, we obtain

⋆( ) = −
􏽚

s

∂
∂x

1
r

􏼒 􏼓

∇2u ds = −
􏽚

σ′

1
r

∇2u

􏼒 􏼓

nx dσ′ +
􏽚

s

1
r

􏼒 􏼓

∇2 ∂u
∂x

ds

(52) 

Both these terms vanish when r → 0, being the surface element 
and the volume element higher order infinitesimals with respect to 
the integrands. Due to the choice of orienting the normal inward, 
the directional derivative must change sign, finally obtaining

−4π
∂u
∂x

􏼌
􏼌
􏼌
􏼌
x′

=
􏽚

σ′
−u

∂
∂r

∂
∂x

1
r

􏼒 􏼓

+
∂
∂x

1
r

􏼒 􏼓
∂u
∂r

􏼚 􏼛

dσ′ (53) 

as in Eq. (33).

4 Remarks Between Past and Future
In this article, we have analyzed the original statement and 

proofs of the reciprocity theorem proposed by Enrico Betti for a 
continuum body, first subjected to surface loading alone and then 
also in the presence of forces per unit mass. We have performed 
the exegesis of multiple passages of his treatise titled “Theory of 
elasticity” (Teoria dell’elasticità), dated 1872, enriched by the ref
erence to some of his secondary works and to the treatise titled 
“Theory of Newtonian Forces and Its Applications to Electrostatics 
and Magnetism” (La teorica delle forze che agiscono secondo la 
legge di Newton), which was published in 1879 and also translated 
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into German. We have tried to underline the theoretical (and histor
ical) connections of these results with the potential theory and 
Green’s identities, also discussing two exercises proposed by 
Betti and resting on this principle. Indeed, Betti was not able to 
generalize the reciprocity theorem in the presence of inelastic abso
lute displacements, prescribed over a part of the boundary of a solid 
body, or of inelastic relative displacements, commonly referred to 
as dislocations, subject that was investigated a few years later by 
Vito Volterra (1860–1940). The reciprocity principle, ultimately 
rooted in the potential theory and establishing huge analogies 
with Green’s identities, represents an important step toward the 
integral identity of Carlo Somigliana (1860–1955), pupil of 
Enrico Betti and Eugenio Beltrami at the Scuola Normale Super
iore of Pisa, that after some decades turned out to be essential 
for the development of the boundary element method.

In 1864, a few years before Betti’s treatise on elasticity, J.C. 
Maxwell had proposed a method to solve statically indetermined 
frames, recognizing the symmetry of the influence coefficients rel
evant to displacements generated by unit actions. In 1877, Lord 
Rayleigh extended the formulation of Maxwell to vibrations and 
acoustics. In the meantime, the study of energetic principles 
applied to beams was pioneered by Luigi Federico Menabrea 
(1809–1896) and Carlo Alberto Castigliano (1847–1884). The trea
tise “Theorie der Elasticität fester Körper” published in 1862 by 
Alfred Clebsch (1833–1872) was translated into French in 1883 
by A. De Saint-Venant (1797–1886), which enriched it with 
notes and comments. The application of the reciprocity principle 
to the elastic beams and frames was pushed forward by Robert 
Land (whose work [25] is dated 1887): in the spirit of the Tech
nische Universität of those years, the dissemination of the theoret
ical knowledge was endowed by the rigorous attention for the 
engineering practice and the technological solutions, dominated 
by the figure of Einrich Müller Breslau (1851–1925). Other theo
retical contributions on beams were provided by Vito Volterra 
[26] and Gustavo Colonnetti (1886–1968) [27,28]. In Italy, Giu
seppe Albenga (1882–1957), an expert in bridges, got the merit 
to diffuse the influence lines due to traveling loads (see, e.g., 
Ref. [29]), which had an enormous impact on engineering design 
and practice and were further generalized, leading to influence sur
faces for bidimensional plates. In this respect, the reciprocity prin
ciple allows one to deduce relationships, which often are neither 
intuitive nor trivial, involving displacements over the outer bound
ary and the external loading therein prescribed, but absolutely not 
including explicitly strains or stresses and not requiring the knowl
edge of the body’s elastic stiffness. In other words, Betti’s theorem 
allows one to observe a structure deforming when subjected to 
certain boundary conditions, and then to deduce its response 
under diverse boundary conditions, without solving the boundary 
value problem again. The reciprocity theorem can be regarded as 
an alternative formulation of the virtual work principle for struc
tures behaving linearly elastically. It is worth noting that reciproc
ity theorems have also been formulated in other fields of physics 
and engineering, with reference to problems governed by self- 
adjoint operators, concerning as already mentioned the acoustics, 
also the electrodynamics, the electric currents in passive networks, 
and the hydraulics (see, e.g., Refs. [30–37]).

In light of the above critical discussion and historical analyses, it 
is worth emphasizing that several current research topics in solid 
mechanics can be placed in continuity with Betti’s variational 
approach. In particular, the contemporary flourishing of nonlocal, 
higher-grade, or higher order models as well as of architected mate
rials (see, e.g., Refs. [38–43]) can be regarded as a revival, under 
new mathematical and technological suggestions, of issues 
already present in the XIX century elasticity theory. Due to the dis
covery promoted by Germain [16], today it is well known that the 
elastic energy can be generalized up to include higher gradients of 
the displacement field or enriched kinematic descriptors (see, e.g., 
Refs. [44–47]). This assumption implies relaxing the principle of 
local action and renouncing to the paradigm of Cauchy (first gradi
ent) continuum, specified by the dependence of the traction vector 

at a point exclusively on the second rank stress tensor and on the 
normal. During the last decades, the definition of such generalized 
energy densities has led to specify, through the principle of virtual 
work, exotic external actions not consistent with the Cauchy para
digm, such as edge and wedge forces, or generalized actions doing 
work on the normal derivatives of the virtual displacements (see, 
e.g., Refs. [48–50]). On one side, the presence of generalized 
boundary conditions demands for an improvement of the experi
mental activity through the design of nonconventional test config
urations (see, e.g., Refs. [51–53]), suitable to identify the 
parameters governing such a constitutive relationship, in statics 
but especially in dynamics [54,55]. On the other side, some of 
these energies can be regarded as the macroscopic counterpart of 
peculiar microstructures that can be studied by homogenization or 
asymptotic methods, as developed, for instance, in Refs. [56–62]. 
Conventional mechanical problems can be given alternative 
formulations through high-order elastic models inducing regulari
zation, see, e.g., Refs. [63,64]: bulk and surface high-order 
energy densities can be coupled consistently [65,66]. Besides the 
forward analyses, inverse strategies can also be envisaged with ref
erence to such a typology of generalized materials: the parameters 
defining a class of microstructures can be regarded as the unknown 
variables to achieve prescribed properties at the macroscale, 
opening the way to synthesize novel meta-materials not existing 
in nature, see, e.g., Refs. [67–70]. These architected materials 
require often innovative fabrication processes (see, e.g., 
Ref. [71]) and, in the meantime, demands for alternative numerical 
strategies, implying an improvement of the currently available plat
forms for numerical simulations [72–74]. With reference to all the 
studies just mentioned, theoretical, numerical, and even experi
mental, we retain that the study of formulations leading to reciproc
ity as a form of symmetry, as well as the characterization of those 
scenarios in which such a reciprocity may be broken, can certainly 
contribute to further progress.
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